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Abstract. In this paper we describe the topology of 4-dimensional 
closed orientable Riemannian manifolds with a uniform lower bound 
of sectional curvature and with a uniform upper bound of diameter 
which collapse to metric spaces of lower dimensions. This enables 
us to understand the set of homcomorphism classes of closed ori- 
entable 4-manifolds with those geometric bounds on curvature and 
diameter. In the course of the proof of the above results, we obtain 
the soul theorem for 4-dimensional complete noncompact Alexan- 
drov spaces with nonnegative curvature. A metric classification 
for 3-dimensional complete Alexandrov spaces with nonnegative 
curvature is also given. 
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0. Introduction 

The study of the Gromov-Hausdorff convergence of Riemannian man- 
ifolds has been a significant branch in differential geometry. In the 
study of convergence or collapsing of Riemannian manifolds, one usu- 
ally considers a curvature bound of Riemannian manifolds. Our main 
concern is the study of the collapsing phenomena of Riemannian mani- 
folds under a uniform lower bound on the sectional curvature K. When 
the absolute value \K\\s uniformly bounded, Cheeger, Fukaya and Gro- 
mov [10J developed a general theory of collapsing, where the collapsing 
phenomena were described in terms of the generalized group actions 
by nilpotent groups, called iV-structures. It should be noted that these 
actions are not permitted to have fixed points. Now if we turn atten- 
tion to the case when K has only a uniform lower bound, we recognize 
several kinds of different collapsing phenomena in this new situation: 

• Any effective action on a compact manifold by a compact con- 
nected Lie group of positive dimension causes a collapsing under 
a lower curvature bound ([151); 

• There is a phenomenon of curvature-concentration, for instance 
in the convergence of surfaces to a singular surface with conical 
singularities, under a lower curvature bound. 

2 



Thus the study of collapsing of Riemannian manifolds under a lower 
curvature bound will enable us to understand a wider class of collapsing 
phenomena than the case of absolute bound on K. 

In spite of several studies of collapsing or convergence under a lower 
sectional curvature bound, the general collapsing structure is still un- 
clear. Recently in [43] , we have classified all the collapsing phenomena 
of 3-manifolds under a lower curvature bound. In the present paper, 
we discuss and determine the collapsing of 4-manifolds under a lower 
curvature bound. Note that S 4 , ±CP 2 , S 2 x S 2 and arbitrary con- 
nected sum of them all admit nontrivial S^-actions, and therefore can 
collapse under K > — 1 while no simply connected closed 4-manifold 
can collapse under \K\ < 1 because of nonzero Euler characteristics 

(0,H2i). 

For a given D > 0, let .M (4, D) denote the family of closed orientable 
Riemannian 4-manifolds M with a lower sectional curvature bound 
K > — 1 and an upper diameter bound diam(M) < D. Since -M(4, D) 
is precompact ( [23] ) . it is quite natural to consider an infinite sequence 
Mf in .M(4, D) converging to a compact metric space X with respect to 
the Gromov-Hausdorff distance. Now it is well-known that X has the 
structure of Alexandrov space with curvature > — 1 and of dimension 
< 4. It is a quite important problem to reproduce the topology of Mf 
for sufficiently large i by using the information on the singularities of 
X. This enables us to understand the elements of a small neighborhood 
of X in Ai(4,D) and therefore to describe the structure of Ai(4:,D) 
itself because of the precompactness. 

In the case of dimX = 4 or dimX = 0, we know some answers 
for this problem ( [33], [20])- In this paper, we discuss the cases of 
1 < dimX < 3. Our results can be simply stated as follows: 

Theorem 0.1. Suppose 1 < dimX < 3. Then Mf has a singular fibre 
structure over X in a generalized sense. 

Here the fibre type is constant along each strata of a stratification 
of X, but may change when the strata changes. In particular, Mf is a 
fibre bundle over X if X has no essential singular points. 

To state our results more precisely and more explicitly, let us describe 
the collapsing structure in each case of the dimension of X. 

We begin with the case of dimX = 3. 

Theorem 0.2. Suppose that Mf collapses to a three-dimensional com- 
pact Alexandrov space X 3 under K > — 1. Then there exists a locally 
smooth, local S 1 -action tpi on Mf such that the orbit space Mf /ipi is 
homeomorphic to X 3 . 

Remark 0.3. In Theorem 10.21 one can obtain the information on the 
slice representations of the isotropy groups at the fixed points or the 
exceptional orbits of ipi from the information on the singularities of the 
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corresponding singular points of X as described below. See Theorems 
17. II and [5TT1 for details: 

(1) We have a bijection tj of the fixed point set F(if>i) to the union 
of OX 3 and a subset of Ext (int X 3 ), where Ext (int X 3 ), the set 
of extremal points of int X 3 , denotes the set of points p of int X 3 
whose spaces of directions, E p , have diameters < 7r/2. 

(2) The singular locus S(i/ji) C X of ipi is a quasigeodesic consisting 
of essential singular points of X 3 . 

Remark 0.4. In a course of the proof of Theorem 10.21 we prove that 
the limit space X 3 is a topological manifold (Proposition 16. 6p . 

In [16] , Fintushel classified locally smooth S^-actions on simply con- 
nected closed 4-manifolds. Applying this result to Theorem 10.21 we 
obtain 

Corollary 0.5. Under the hypothesis of Theorem \U. 6 A suppose that Mf 
is simply connected. Then Mf is homeomorphic to the connected sum 

(0.1) S 4 ifk i CP 2 ^£ i (-CP 2 )^m i (S 2 x S 2 ), 

where k i; and have a definite upper bound in terms of the number 
of the extremal points of int X 3 and the number, say a(<9X 3 ) ; of the 
connected components of dX 3 : 

ki + U + 2m; < # Ext(int X 3 ) + 2a(<9X 3 ) - 2. 
Actually Mf is diffeomorphic to the connected sum (10. ip (see Remark 

Em- 

Now we turn to the case of dimX = 2. First we consider the case 
when X 2 has no boundary. By definition, a closed 4-manifold is a 
Seifert T 2 -bundle over X 2 if there exists a surjective continuous map 
f : M 4 ->■ X 2 such that any point p G X 2 has a neighborhood U 
admitting the following commutative diagram : 

f-\U) (T 2 x D 2 )/Z m 

f 

U D 2 /Z m , 

where (T 2 xD 2 )/Z m denotes a free diagonal Z m -quotient; the Z m -action 
is free on the T 2 -factor and by rotation on the _D 2 -factor, p corresponds 
to the Z m -fixed point of D 2 in the above diagram, and m is a positive 
integer called the multiplicity of the torus fibre f~ l (p)- 

Theorem 0.6. Suppose that Mf collapses to a two-dimensional com- 
pact Alexandrov space X 2 without boundary under K > — 1. Then Mf 
is homeomorphic to either an S 2 -bundle over X 2 or a Seifert T 2 -bundle 
over X 2 . 
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Thus if the general fibre is a torus, Mf may have singular torus- 
fibres (multiple tori) near essential singular points of X 2 , while in the 
sphere-fibre case, Mf is just a sphere-bundle even if X 2 has serious 
singular points. It should be remarked that the multiplicity m of a 
multiple torus near a essential singular point p € X can be estimated 
as m < 27r/L(S p ), where L(J2 P ) denotes the length of S p . 

Next we consider the case when the compact Alexandrov surface X 2 
has nonempty boundary. In this case, we have a decomposition of Mf 
into two parts: one is a part of Mf near a compact domain of int X 2 
approximating int X 2 which is either an 5* 2 -bundle or a Seifert T 2 - 
bundle (Theorem IU.6p . The other is a part of Mf near dX 2 , on which 
we can define a singular fibre structure as indicated in the theorem 
below. 

Theorem 0.7. Suppose that Mf collapses to a two-dimensional com- 
pact Alexandrov space X 2 with boundary under K > — 1. Then Mf is 
homeomorphic to a singular fibre space ^(X 2 ) over X 2 . 

As a particular consequence of Theorem 10. Tj. there is a continuous 
surjective map fa : Mf — >■ X 2 such that fa restricted to int X 2 is ei- 
ther an S^-bundle or a Seifert T 2 -bundle and fa restricted to dX 2 is 
a singular fibration whose fibres are ones of a point, S 1 , S 2 , the real 
projective plane P 2 and the Klein bottle K 2 . The fiber types of fi\ax 2 
may change at extremal points 6 Ext(X 2 ) PI dX 2 . (see Theorem 112.11 
for details). 

Finally we assume dimX = 1. If X is a circle, we can apply the 
fibration theorem ([16]) to get a fibre bundle structure on Mf over X. 
More precisely, 

Theorem 0.8 Q20J). Suppose that Mf collapses to a circle under K > 
— 1. Then Mf fibers over S 1 with fibre finitely covered by S 1 x S 2 , T 3 , 
a nilmanifold or a homotopy 3-sphere. 

Thus the essential case here is the case when X is isometric to a 
closed interval: 

Theorem 0.9. Suppose that Mf collapses to a one-dimensional closed 
interval under K > — 1. Then Mf is homeomorphic to a gluing UfuV^ 
along their boundaries, where each of Uf and is either a disk bundle 
over k-dimensional closed manifold N h with < k < 3, or a gluing of 
two disk-bundles over kj -dimensional closed manifolds Q kj , j = 1,2, 
with < kj < 2, where N k and Q k] have nonnegative Euler numbers, 
and if k = 3, N 3 is one of the closed 3-manifolds appearing as the fibre 
types in Theorem \U.8l 

Therefore Mf is a gluing of at least two and at most four disk- 
bundles. 

In the case when X is a point, rescaling metric of Mf with the new 
diameter 1, we can reduce the problem to the cases of 1 < dimX < 4. 

5 



As a conclusion of the results in this paper together with the stability 
theorem ([3S]) and the above remark, we have a description of the 
homeomorphism classes in Ai(4,D) as follows: 

Corollary 0.10. For a given D > 0, there exist finitely many elements 
Nf, . . . , iVjjf ofAi(4, D), where k = k(D), such that for any element M 4 
of Ai(A, D) one of the following holds: 

(1) M 4 is homeomorphic to one of {Nf, . . . , N^}; 

(2) M 4 is homeomorphic to a closed 4-manif old as described in The- 
orem EJ| \0.6\ \0. % IQ.gl or \0.9\ with a suitable compact Alexan- 
drov space X of 1 < dim X < 3 . 

In the proof of each result mentioned above, it is crucial to under- 
stand the topology of a small (but of a fixed radius) metric ball in a 
collapsed 4-manifold which is very close to a singular point of the limit 
space. As the important first step, we establish the rescaling tech- 
nique in dimension 4 which makes it possible to pursue the topology of 
the metric ball. Under the rescaling of metrics, we obtain a new limit 
space, a complete noncompact Alexandrov space with nonnegative cur- 
vature and with dimension larger than that of the original limit space. 
This reduces the problem to the study of collapsing or convergence to 
a higher dimensional spaces (with nonnegative curvature). The second 
step is to analyze the new limit space in several aspects. Among them, 
we especially need to establish the generalized soul theorem (Theorem 
12. 6p for 4-dimensional complete open Alexandrov spaces with nonnega- 
tive curvature. In the third step, we actually determine the structure of 
collapsing to the new limit space, and obtain the topology of the small 
metric ball using an inductive procedure. Using this topological infor- 
mation, we define a local fibre structure caused by collapsing. Through 
some patching argument under the consideration of the singular point 
set of the limit space, we glue those locally defined fibre structures to 
obtain a globally defined fibre structure. 

A similar strategy was used in [43]. However the present situation is 
more involved in several aspects like; a generalization of the rescaling 
argument in [43] (our approach seems to be possible to generalize to 
the general dimensions), the complexity of the singular sets in the limit 
spaces, the generalized soul theorem, classification of the collapses to 
the complete noncompact nonnegatively curved spaces with dimension 
less than four. 

Our results in this paper suggest a possibility of the study of collapse 
of general n- dimensional Riemannian manifolds with a lower curvature 
bound by the following program: 

Assumption (Ak) We already know the fibre structure of closed n- 
manifolds collapsing to spaces of dimension > k, where the orbit types 
of the singular fibres can be determined or estimated in terms of the 
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singularities of the corresponding singular points of the limit spaces 
(this is always satisfied for k = n). 

Purpose (Pfe-i) We want to determine the structure of closed n- 
manifolds collapsing to {k — l)-dimensional spaces. 

To realize (Pfc_i), in the first step, we obtain the topology of a small 
metric ball using the following procedure 

(a) a suitable rescaling of metrics; 

(b) the (metric) classification of the complete noncompact spaces 
of dimension > k and with nonnegative curvature by means of 
the geometric invariants of them (like souls, the dimensions of 
the ideal boundaries, the extremal point sets and the essential 
singular point sets); 

(c) the classification of the phenomena of collapsing to the spaces 
in (b) using (A k )] 

In the second step, we first define a fibre structure on the small metric 
ball, and then do a gluing process under the presence of the singular 
point set of the limit space and realize the purpose (Pk-i). 

As stated above, this program has been carried out for n = 4 in the 
present paper. 

The organization of this paper is as follows: In Section [TJ we provide 
some basic notions about Alexandrov spaces with curvature bounded 
below and the Gromov-Hausdorff convergence. We formulate a main 
result in this section, the fibration-capping theorem, which gives a fibre 
structure on a collapsed manifold in the case when the limit space has 
nonempty boundary. The proof of this result is postponed to Sections 
[T8H2T1 (Part|3]), where we actually prove an equivariant version of it. 

In Section [3J we prepare the basic results about S^-actions on ori- 
ented 4-manifolds Q16J) providing the properties of singular loci and 
the equivariant classification of such actions in terms of weighted or- 
bit data. We apply those results to obtain a topological classification 
of ^-action on compact 4-manifolds with certain simple orbit data in 
terms of _D 2 -bundles over S* 2 . This result is useful to classify the collaps- 
ing phenomena of 4-manifolds to 3-dimensional complete noncompact 
spaces with nonnegative curvature. 

In Section 0] we establish a key result to obtain a topology of a small 
metric ball of a collapsed 4-manifold close to a singular point of the 
limit space by generalizing a rescaling argument in (43]. This makes 
it possible to reduce the problem to the study of collapsing to higher 
dimensional limit spaces of nonnegative curvature. 

The rescaling argument in Section H] makes clear that the first step 
in the study of collapsing of 4-manifolds should be the case when the 
limit space is of dimension three. In Section [5j as a preliminary section, 
we establish two results about the properties of the essential singular 
point set of 3-dimensional Alexandrov spaces with curvature bounded 
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below: One is a characterization of certain essential singular point set 
in terms of quasigeodesics, and the other is about the existence of a 
metric collar neighborhood. 

From Section O to Section [HI we analyze the collapsing phenomena of 
orientable 4-manifolds to 3-dimensional Alexandrov spaces. In Section 
El we concentrate on finding the collapsing structure on a small metric 
ball in a collapsed 4-manifold which is close to a small metric ball in the 
interior of the limit three-space. As the local collapsing structure, we 
construct an S^-action on a small perturbation of the small metric ball 
extending the S^-bundle structure on a regular part of the 4-manifold. 
In Section we patch those locally defined ^-actions to obtain a glob- 
ally defined local ^-action on a collapsed 4-manifold. In Section [El we 
determine the structure of collapsing to a 3-dimensional Alexandrov 
space X 3 with boundary using the collar neighborhood theorem estab- 
lished in Section [5] and the capping theorem, a generalization of the 
fibration theorem. We prove that a part of a collapsed 4-manifold close 
to the boundary dX 3 is a -D 2 -bundle over dX 3 , compatible with the 
S^-bundle structure near dX 3 . This provides a globally defined, local 
S^-action on the 4-manifold. 

Before proceeding to the study of collapsing of 4-manifolds to 2- 
dimensional Alexandrov spaces, in Section M we classify all the phe- 
nomena of collapsing of pointed complete 4-manifolds to a pointed 
complete noncompact 3-dimensional Alexandrov spaces with nonnega- 
tive curvature. Using S^-actions with the study of the singular locus, 
we determine the topology of large metric balls in the 4-manifolds cen- 
tered at the reference points. We prove that they are homeomorphic 
to either a disk-bundle or a gluing of two disk-bundles. 

In Sections [TU] and dH we apply the classification result in Section 
M to obtain the topological information on a small metric ball in a 
4-manifold collapsed to 2-dimensional space without boundary. Con- 
sidering the new limit space under the rescaling of metrics, we come to 
know what kinds of collapsing phenomena really occur near a singular 
fibre. After those discussions together with the equivariant fibration 
theorem, we prove Theorem 10.61 putting the desired fibre structures. 

In Section[12l we consider the case when the limit surface has nonempty 
boundary, and prove Theorem 10.71 

In Section [T31 we classify all the phenomena of collapsing of pointed 
complete 4-manifolds to a pointed complete noncompact 2-dimensional 
Alexandrov spaces with nonnegative curvature using Theorems 10.61 and 
10.71 Theorem 10.91 is also proved there. 

In Sections [1414161 of Part [21 we prove the generalized soul theorem in 
dimension 4, and in Section [T7] we classify all the 3-dimensional com- 
plete nonnegatively curved Alexandrov spaces with nonempty bound- 
ary. 
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In Sections [T8H2T1 of Part [3J we give the proof of the equivariant 
fibration-capping theorem. 
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1. Alexandrov spaces and the Gromov-Hausdorff 

convergence 

In this section, we present some results on Alexandrov spaces with 
curvature bounded below and on the Gromov-Hausdorff convergence 
which will be used in the subsequent sections. 

1. Alexandrov spaces. We begin with some preliminary results 
on Alexandrov spaces. We refer to [6] for the basic materials and the 
details on Alexandrov spaces mentioned below. 

Let X be a finite-dimensional complete Alexandrov space with curva- 
ture bounded below, say > n. For any two point x and y, let xy denote 
a minimal geodesic joining x to y. For any geodesic triangle Axyz in X 
with vertices x, y and z, if we denote by Axyz a comparison triangle in 
the K-plane M^, the simply connected complete surface with constant 
curvature k, the natural map Axyz — > Axyz is non-expanding, where 
we assume that the perimeter of Axyz is less than 2tc / ' ^[k if k > 0. 
This property is called the Alexandrov convexity. 

The angle between the geodesies xy and yz in X is denoted by Zxyz, 
and the corresponding angle of Axyz by Zxyz. It holds that Zxyz > 
Zxyz. We denote by S p = S P (X) the space of directions at p G X, and 
by K p = K p (X) the tangent cone at p with vertex o p , the Euclidean 
cone KiTip) over S p . It is known that S p (resp. K p ) is an Alexandrov 
space with curvature > 1 (resp > 0). More generally if £ is a compact 
Alexandrov space with curvature > 1, then the Euclidean cone Kill) 
over E is a complete Alexandrov space with nonnegative curvature. 

For a compact set A C X and p e X — A, we denote by A' = A' p 
the closed set of S p consisting of all the directions of minimal geodesies 
from p to A. 

Let k be the dimension of X, and 5 > 0. A system of k pairs of 
points, (a i; bi)f =1 is called an (k, S)-strainer at p 6 X if it satisfies 

Za^pbi > it — 5, Zaipaj > 7r/2 — 5, 

Zbipbj > 7r/2 — 5, Zaipbj > n/2 — 5, 

for every i ^ j. The number min{d(ai,p), d(bi,p) \ 1 < % < k} is called 
the length of the strainer. 

Let Rs(X) denote the set of (k, #)-strained points of X. Note that 
every point in Rs{X) has a small neighborhood almost isometric to 
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an open subset of Mr for small 5, where the almost isometry is given 
by /( • ) = [d(ai, •),..., d(a>k, • ))• 111 particular, Rs(X) is a Lipschitz 
fc-manifold. The set S$(X) := X — Rg(X) is called the S-singular set 
of X. 

A point p of an Alexandrov space X is called an extremal point if 
diam(S p ) < tt/2. This coincides with the case when an extremal subset 
in the sense of [38] is a point. The set of all extremal points of X is 
denoted Ext (A). A point p of X is called an essential singular point 
if the radius of S p satisfies rad(E p ) := min^ max^ Z(£, if) < 7r/2, and 
the set of all essential singular points of X is denoted ES(X). Notice 
that if a point p G X is not an essential singular point, then S p is 
homeomorphic to a sphere ([23], [M]), and a small metric ball around 
p is homeomorphic to M fc (|35j). 

We also say that p is a topological singular point if S p is not home- 
omorphic to a sphere. If p is not a topological singular point, then it 
is called topologically regular. X is called topologically regular if any 
point of X is topologically regular. It is well known (cf. [15j)that the 
double suspension S" 2 (S 3 ) of the Poincare homology 3-sphere £ 3 is a 
topological sphere. Since S* 2 (S 3 ) carries a metric as an Alexandrov 
space of curvature > 1, one recognizes that a topological singular point 
of an Alexandrov space can be a manifold point at least in dimension 
> 5. The non-collapsing limit of a sequence of n-manifolds with a uni- 
form lower sectional curvature bound is called smoothable. Recently in 
[29] . V. Kapovitch has proved that a smoothable Alexandrov space is 
topologically regular. More precisely, 

Proposition 1.1 (|29|). Let X n be a smoothable Alexandrov space. 
Then for any p G X n , p x G S po A, . . . ,Pi G E P4 _ 1 • • • S po A ; the iterated 
space of directions T lpi T lpi _ 1 ■ ■ ■ S Po A is a topological sphere. 

We call a point po of an Alexandrov space X n topologically nice if it 
satisfies the conclusion of Proposition 11.11 for any p 1 G E po A, . . . ,Pi G 
S Pi _ 1 • • • S po A. We also call X n topologically nice if any point of X n is 
topologically nice. It is obvious that for n < 4, if X n is topologically 
regular, then it is topologically nice. When m > 3, S^E 3 ) is not 
topologically nice but topologically regular. 

2. Gromov-Hausdorff convergence. A (not necessarily continu- 
ous) map if : Y — > Z between metric spaces is called an e- approximation 
if 

(1) \d(x,y)-d(<p(x),<p(y))\<e for all x, y G Y, 

(2) <p(Y) is e-dense in Z. 

The Gromov-Hausdorff distance dcH{Y, Z) between Y and Z is defined 
to be the infimum of such e that there exist e-approximations Y — > Z 
and Z — > Y. The pointed Gromov-Hausdorff distance d p .cH{{Y, y), (Z, z)) 
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between pointed metric spaces (Y, y) and (Z, z) is defined as the infi- 
mum of such e that there exist e- approximations B(y, 1/e) — > B(z, 1/e) 
and B(z, 1/e) — > B(y, 1/e) sending y to z and z to y respectively. 

In the study of collapsing of three-dimensional Riemannian mani- 
folds with a lower curvature bound, the so-called fibration theorem 
( [46] . etc.) has played one of fundamental roles Q43J). This theorem 
shows that if a complete Riemannian manifold M with a definite lower 
bound on sectional curvature is Gromov-Hausdorff close to a Riemann- 
ian manifold X of lower dimension without boundary (or more gener- 
ally an Alexandrov space with only weak singularities ([17])), then M 
fibers over X with almost nonnegatively curved fibre. We generalize 
this result by considering X with nonempty boundary as follows : 

Let X be a /c-dimensional complete Alexandrov space with curvature 
> —1. Now we assume that X has nonempty boundary, and denote 
by D(X) the double of X, which is also an Alexandrov space with 
curvature > — 1 (see [35]). By definition, D(X) = X U X* glued along 
their boundaries, where X* is another copy of X. 

A (k, 5)-strainer {(aj,6j)} of D(X) at p G X is called admissible if 
dj G X, bj G X for every 1 < i < k, 1 < j < k — 1 (obviously, b k G X* 
if p G dX for instance). Let Rf(X) denote the set of points of X 
at which there are admissible (k, <5)-strainers. This has the structure 
of a Lipschitz fc-manifold with boundary. Note that every point of 
Rf(X) PI dX has a small neighborhood in X almost isometric to an 
open subset of the half space for small 5. 

If Y is a closed domain of Rf(X), then the 5 d- strain radius of Y, 
denoted #D-str.rad(F), is defined as the infimum of positive numbers 
I such that there exists an admissible (k, 5)-strainer of length > i at 
every point p G Y . 

For a small v > 0, we put 

Y v := {x G Y | d(dX, x) > v). 

We use the following special notations: 

d Y u := Y v n = i/}, into ^ := Y v - d ^- 

Let M n be another n-dimensional complete Alexandrov space with 
curvature > — 1. A surjective map / : M — > X is called an e- almost 
Lipschitz submersion if 

(1) it is an e- approximation; 

(2) for every p,q G M 

d(f(p),f(q)) 



d(p,q) Sin ^ 



< e. 



where 8 Ptq denotes the infimum of Zqpx when x runs over / 1 {f{p))- 

We denote by r(ei, . . . , e^) a function depending on a priori constants 
and €i satisfying lim^o r(e 1 , . . . , e k ) = 0. 
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Theorem 1.2 (Fibration-Capping Theorem). Given k and \x > there 
exist positive numbers 5 = 5^, e = and v = u k {jj) satisfying the 

following : Let X k and M n be as above, and let Y C Rf(X) be a 
closed domain such that 5o-str.rad(y) > ji. Suppose that X has only 
weak singularities, i.e., M n = Rs n (M n ) for some small 5 n > 0. If 
dcH^M 12 , X k ) < e for some e < e n (fi), then there exists a closed domain 
N C M n and a decomposition 

N = N int U iV cap 

of N into two closed domains glued along their boundaries and a Lips- 
chitz map f : N —*Y V such that 

(1) N int is the closure of f~ x (mt Q Y v ), and N CSLp = f~ l {d Y u ); 

(2) both the restrictions f\ nt := /|jv Int : A^ int -> Y v and f cap : = 
/kap : ^cap doY v are 

(a) locally trivial fibre bundles; 

(b) t(5, v, e/v)-Lipschitz submersions. 

Remark 1.3. (1) The fibres of both / int and / cap have almost nilpo- 
tent fundamental groups (|2"U]) and the first Betti numbers less 
than or equal to the dimensions of them (|46j). 
(2) If X has no boundary, then = A^ int and / = /; nt . In this case, 
Theorem 11.21 is stated in [6], and will be called the fibration 
theorem as usual. See [H] and [13] in the case when M is a 
Riemannian manifold. 

For instance, if X is a closed interval and if dcH{M, X) is sufficiently 
small, then we have an obvious decomposition M = Mi nt UM cap , where 
Mi n t — F x I, F is a general fibre and M cap consists of two components. 
If X is a Riemannian disk D k , we have a decomposition M = M int U 
M cap , where M int ~Fx D k and M cap is a fibre bundle over S k ~ l whose 
fibre has boundary homeomorphic to F. 

Applying the results of the present paper together with [2U], [43], we 
have the following 

Corollary 1.4. Under the situation of Theorem ! 1.21 if the codimension 
m := dimM — dimX is less than or equal to three, the topology of the 
fibre F cap of / cap is described as follows: 

(1) Ifm—1, -F cap is homeomorphic to D 2 ; 

(2) Ifm — 2, F cap is homeomorphic to one of D 3 , P 2 xl, S 1 x D 2 , 
and K 2 xl; 

(3) If m = 3, F cap is homeomorphic to either a disk-bundle or a 
gluing of two disk-bundles having the same topology as Uf de- 
scribed in Theorem \(J.!A 

Note that when m < 3, the topology of the fibre of f- mt is already 
determined in [16] and [20j . 
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The proofs of Theorem 11.21 and Corollary 11.41 are differed to Part 
[21 where we actually prove an equivariant version of Theorem 11.21 (see 
Theorem MM- 

When no collapsing occurs, we have the following stability result due 
to [35]. 

Theorem 1.5 (Stability Theorem [35J). Let a sequence of compact n- 
dimensional Alexandrov spaces X; with curvature > —1 converge to a 
compact Alexandrov space X of dimension n. Then X{ is homeomor- 
phic to X for sufficiently large i. 

In the proof of the theorem above, the notion of regular maps is 
crucial. Here we recall the most basic case of it. 

Consider a map f — (fi, ■ ■ ■ , f m ) '■ U — >• K m on an open set U of an 
Alexandrov space X defined by the distance functions fj(x) = d(Aj,x) 
from compact subsets Aj C X. The map / is said to be (c, e)-regular 
at p 6 U if there is a point w G X such that 

(1) Z({Aj)' p , (A k )' p ) > vr/2 - e; 

(2) Z(w' p ,(A j y p )>n/2 + c, 

for every j ^ k. In [35], it was proved that if / = (fi,..., f m ) : U — >■ M. m 
is (c, e)-regular on U for some e > sufficiently small compared to 
c, then it is a topological submersion (see also [36]). We simply say 
that / is regular in this case. Together with [4"4"] . this implies that if 
/ : U — >■ M m is regular and proper, then it is a locally trivial fibre 
bundle over its image. 

Under the same assumption as Stability Theorem 11.51 suppose in 
addition that a regular map /:[/—» lR m is given as above on an 
open subset U C X. Using an approximation map X — > Xj, we can 
define a regular map /j : C/j — > M m on an open subset Ui C Xj for any 
sufficiently large i. 

The following is the respectful version of Stability Theorem 11.51 

Theorem 1.6 Q35J). Under the situation above, there exists a home- 
omorphism hi : X — )■ Xj such that fi°hi = f holds on every compact 
set K C U and for sufficiently large i > i(f, K). 

For any compact set A of an Alexandrov space X, dA = d(A, ■ ) 
denotes the distance function^ from A. In case X is a Riemannian 
manifold, we denote by = d(A, ■ ) a smooth approximation of dA- 

2. Preliminaries on complete Alexandrov spaces with 
nonnegative curvature 

Let C be a complete nonnegatively curved Alexandrov space with 
nonempty boundary. In [35], it was proved that the function d(dC, ■ ) 
is concave on C. We first show the rigidity for this function. 
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Proposition 2.1. For a unit speed geodesic segment 7 : [0,a] — > C 
joining p to p x , suppose that d(dC^{t)) is constant. Then for any 
minimal geodesic 70 from p to DC , there is a minimal geodesic 71 from 
Pi to DC , such that {70,7,71} bounds a flat totally geodesic rectangle. 

Proof. This follows from a modification of Proposition 9.10 in [43J. For 
completeness, we give a proof below. 

Let go £ dC denote the end point of 70. We show that S go (D(C)) 
is the spherical suspension over dT> qo (C), where D(C) is the double of 
C. Let r G D{C) be another copy of po, and £ + and £_ the directions 
at q represented by geodesies q po an d <?o r o respectively. Obviously 
Z(£ + ,£_) = n. It follows that T> qo (D(C)) is the spherical suspension 
over the hypersurface S :— {v | Z(£ ± ,t>) = n/2}. Clearly dT, qo (D(C)) 
is a subset of {v \ Z(£±, v) > vr/2} which coincides with S. An obvious 
argument then implies that dY* qo (D(C)) = S. 

Let a : [0,6] — > X be a unit speed minimal geodesic joining q to 
P\. We consider the concave function f{u) = d(a(u),dC). Put a = 
Z(cr(0), dH qo (C)), where <r(0) denotes the direction at <r(0) represented 
by cr. From a standard argument, 

/'(0) = sin a. 

Consider the triangle Aq^p^p^ on IR 2 such that d(p' , q' ) = t, d(p' ,p[) = 
a and Zq' p' p[ = tt/2, where t := d(j>o,qo). Set b' = d(q' ,p[), a' = 

^q'oPiPoi & = ^PWoPii and ^ = ^PoQoPi = t 1 "/ 2 - «■ Since ZgoPoPi = 
7r/2, we have 6' > 6. It follows from the concavity of / that 

m >\>i 

Thus we obtain that 

(2.1) a > a' and 9 < 9'. 

Consider now a comparison triangle Ag PoPi in and put 9 = Zp q pi, 
a = Zqopip . Since we may assume for our purpose that t > a, it fol- 
lows from an obvious consideration with b > t that a' < a < tt/2, 
9' < 9 and hence 

(2.2) 9' = 9 = 9, a' = a = a, b = b' and 2q oPoPl = tt/2. 

It follows from the rigidity argument (cf . [12] ) that Ag PoPi spans a to- 
tally geodesic flat triangle isometric to Aq p p 1 . Furthermore, /'(0) = 
t/b. It follows from the concavity of / that f(u) = tu/b for all u. 
Let x u and y u be the points on dC and g Pi respectively such that 
f{u) = d(a(u),x u ) and d(p ,y u ) = ua/b. Then it follows together with 
the comparison argument that d(x u , y u ) < d(x u , a(u))+d(a(u),y u ) < t. 
Thus a lies on the minimal connections from the points of 7 to dC. 

By repeating the argument above for x u ,y u ,pi in place of qo,Po,Pi, 
we conclude that the set of minimal connections x u y u , < u < b, 
provides a totally geodesic flat rectangle. □ 
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Let X be a complete noncompact Alexandrov space with nonnegative 
curvature. Consider the Busemann function associated with a reference 
point pel defined by 

(2.3) b(x) = sup6 7 (x), 

7 

where 7 runs over all the geodesic rays emanating from p and 

6 7 (x) = lim t — <i(x,7(t)). 

t— >oo 

Applying the Cheeger-Gromoll basic construction([TT], [35]), we obtain 
a sequence of finitely many nonempty compact totally convex sets: 

(7(0) D C(l) D (7(2) D ••• D tf(ife), 

where (7(0) is the minimum set of 5, n > dim (7 (0) , dim C (i) > dim C(i+ 
1) and (7(fc) has no boundary. Then a soul S of X is defined as 
S = C(k). It was proved in [35] that X is homotopy equivalent to 
S. 

The compact totally convex set C (0) depends on the reference point 
p and is denoted by C p (0) for a moment. Now consider the integer 

mx '■= inf dim(7 p (0). 

We denote by X(oo) the ideal boundary of X equipped with the Tits 
distance. 

Lemma 2.2. If nix = n — 1, then X n (oo) consists of at most two 
elements. 

Proof. Consider (7(0) with an arbitrary reference point. By Proposition 
12. H we have a map / : (7(0) x R satisfying: 

(1) f(x, 0) = x for any x G (7(0); 

(2) Both f(x x R + ) and /(a; x M_) represent geodesic rays from x 
for any x G (7(0), where M + = [0, 00), R_ = ( -00, ); 

(3) For any x, y G (7(0), /(x x R±), a geodesic joining x and ?/ 
and f{yx R±) span flat rectangles. 

For any p G int (7(0), consider (7 P (0). Clearly p G (7 P (0). Let 7± denote 
the geodesic rays /(px M±). Suppose that there is a geodesic ray a 
starting from p different from 7^, and consider the minimum set (7 of 
bfj on the compact set (7 p (0). Since b a is locally nonconstant on (7 P (0), 
dim (7 < dim(7 p (0) = n - 1. Obviously (7,(0) C (7 for any q G (7, 
contradicting the assumption —n — 1. □ 

Example 2.3. Let X be the double of the closed domain {(x, y)\x,y > 
0, y > x — 1 } on the (x, y)-plane. Note dimX(oo) = 1. For p = 
(1/2, 0), (7 P (0) coincides with the segment [0, 1/2] xO, and for q = (0, 0), 
C 9 (0) = {<?}. 
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The above example shows that dimC(O) = dimX — 1 does not imply 
dimX(oo) = 0. 



Proposition 2.4. dimX(oo) < codim S — 1. 

Independently Shioya has obtained the above proposition in a similar 
way. 

Lemma 2.5. Let S be an compact Alexandrov space with curvature 
> 1, and S C £ be a closed locally convex set of positive dimension 
and without boundary as an Alexandrov space. Let £ G £ be such that 
<i(£, S ) > 7r/2. T/ien c/(£, v) = n/2 for every v G S . 

Proof. Let t>o G So be a foot from ^ to So- We proceed by induction 
on dim£ - If dim£ = 1, then S is isometric to a circle. Since 
Z£v f = 7r/2, the lemma follows from the Alexandrov convexity. 

Suppose the lemma is true for dim£ — 1. Put £' = E„ (£), £ = 
E Vo (S ). Let f = £, G u' = v' VQ G S for every v G S . It is easy 
to check that S is a closed locally convex subset of Applying the 
induction hypothesis, we see that v') = tt/2 for every v G So- The 
Alexandrov convexity then implies the conclusion. □ 



Proof of Proposition 2.4 ■ It suffices to show that for any regular point 
p of S and any geodesic ray 7 from p, 7(0) is perpendicular to S. Let 
x G S be a foot from £ = 7(00) G X(oo) to and a a geodesic ray 
from x asymptotic to 7. Namely we have sequences x n G S, y n G X 
satisfying 

(1) ->• x, y n -»■ f, x n ?/ n -»■ a; 

(2) d(y n ,x n ) = d(y n ,S). 

Note that S a; (<S') is a closed locally convex set of E X (A). By the previous 
lemma, limZga; n ?/ n = tt/2 for any g G 5, and hence Zgx£ = n/2. The 
Alexandrov convexity then implies that 

(2.4) 2xg?/„ > tt/2 + o n 

with lin^^ooOn = 0. Thus we have lim^^ \d(y n ,q) - d(y n ,x)\ = 0, 
and hence b a (x) = b a (q), where h a denotes the Busemann function 
associated with the ray a. It follows that 6 7 (x) = b^(q) for any q G S. 
Thus 7 must be perpendicular to S at p. □ 

We denote by B(S, e) the closed e- metric ball around S. 

Theorem 2.6 (Generalized Soul Theorem). Let X be a A- dimensional 
complete open [i.e, noncompact and boundaryless) Alexandrov space 
with nonnegative curvature. Suppose in addition that X is topologically 
regular. Then there exists a positive number e such that 

(1) X is homeomorphic to mt B(S, e); 

(2) B(S, e) is homeomorphic to a disk-bundle over S , called the 
normal bundle of S. 
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The proof of Theorem 12.61 is given in Part [2J 

Corollary 2.7. Suppose that a sequence of 4- dimensional pointed com- 
plete Riemannian manifolds (Mf,pi) with K > — 1 converges to a 
pointed complete noncompact 4- dimensional Alexandrov space (Y 4 ,yo) 
with nonnegative curvature. Then for a sufficiently large R > 0, B(pi, R) 
is homeomorphic to the normal closed disk-bundle over the soul ofY A . 

Proof. Note first that Y A is topologically regular ([22]). By Theorem 
II. 6[ B(pi, R) is homeomorphic to B(y , R) any sufficiently large R be- 
cause of the nonnegativity of the curvature of Y 4 . By Theorem 12.61 
B(yo, R) is homeomorphic to the normal closed disk-bundle over the 

soul of y 4 □ 

3. S^-ACTIONS ON ORIENTED 4-MANIFOLDS 

In this section, we present some results on S^-actions on oriented 
4-manifolds which will be used in the subsequent sections. 

First we fix the notation and terminology about local ^-actions. 
Suppose that an open covering {U a } of a manifold N and an ^-action 
ip a on U a are given in such a way that both the actions ip a and ipp 
coincide up to orientation on the intersection U a fl Up. We say that 
{(Uajipa)} defines a local S^-action, denoted ip, on N. The local S 1 - 
action ip is locally smooth if each x G N has a slice V x which is a disk 
invariant under te action of the isotropy group at x and if this action 
is equivariant to an orthogonal action. 

Let N* = N/ij) be the orbit space and tt : N — >■ N* the orbit map. 
An orbit is called exceptional if the isotropy group at a point on the 
orbit is non-trivial but finite. Let F = F(i/j) and E = E(ip) denote the 
fixed point set and the union of the exceptional orbits respectively. In 
the present paper, an orbit in S = S(ip) := F U E is called a singular 
orbit. The images F* := vr(F(»), E* := ir(E(i/i)) and S* := vr(^(^)) 
are called the fixed point locus, the exceptional locus and the singular 
locus respectively. 

Lemma 3.1. (1) If N is simply connected, then so is N*; 

(2) If both N and N* — S* are orientable, then ip is actually an 
S 1 -action. 

Proof. (1). Let 7* be any loop at a point p* e N*-S*. Since S^nint iV* 
is of codimension > 2, one can slightly perturb 7* to a loop a* in 
iV* — S*. Let a be a lift of a* to N — S. From the assumption, o is 
homotopic to a path in 7r _1 (p*) keeping endpoints fixed. Thus a* and 
hence 7* is null-homotopic. 

(2). For each x G iV — S, we have the orientation on the slice V x 
at x induced from the orientation of iV* — S*. Then the orientation 
of iV induces the orientation of the orbit S x x in such a way that the 
orientation of V x followed by the orientation of S' 1 x coincides with the 
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original orientation of N. Since E* is of codimension > 2, those orien- 
tations of the orbits m N — S extend to the orientations of the orbits 
in N - F. □ 

Definition 3.2. Let D A (l) = {(z u z 2 ) G C 2 | |zi| 2 + \z 2 \ 2 = 1}, and let 
a, b be relatively prime integers. The S^-action ip a b on D 4 (l) defined 
by 

z ■ (z 1 ,z 2 ) = (z a z 1 ,z b z 2 ), 

is called the canonical S l -action of type (a, b). For any < t < 1, the 
restriction of to S 3 (t) = {(2:1,2:2) G D 4 (l) \ \zi\ 2 + \z 2 \ 2 = t 2 } gives 
a Seifert bundle ' S 3 {t) -> S 3 (t)/Va,& ~ S 2 . 

Note that the restriction Vi,iU 3 (t) * s the Hopf-fibration. Note also 
that the orbit space -D 4 (l)/?/> a> b with the standard quotient metric is an 
Alexandrov space with nonnegative curvature whose space of directions 
S D at the origin o G D 4 (l)/ip at f, has at most two singular points, say £1 
and £2, where 

{|a|,|6|} = {27r/L(E 6 (E )),27r/L(E 6 (E ))}. 

We describe the equivariant classification of S^-actions on oriented 
4- manifolds M slightly extending the treatment in [16]. In [16], M is 
assumed to be simply connected and to have no boundary. In our later 
use however, we need the more general case when M has nonempty 
boundary and only the orbit space M* is assumed to be simply con- 
nected. For convenience, we describe the equivariant classification in 
our general setting. 

Let M be an oriented 4-manifold (possibly with boundary) with a 
locally smooth S^-action. We assume that there are no fixed points on 
DM. Let 7r : M — > M* be the orbit map. The proof of the following 
Proposition is similar to Proposition (3.1) in [16], and hence omitted. 

Proposition 3.3. Under the situation above, M* is a 3-manifold for 
which the general properties of the singular locus are described as follows: 

(1) dM* - n(dM) C F*; 

(2) F* - dM* is discrete; 

(3) The closure E* of E* is a disjoint union of arcs and simply 
closed curves in M* — (dM* — ir(dM)). Each connected com- 
ponent of E* is one of the following; 

(a) A simple closed curve in intM*; 

(b) An arc whose closure joins two points of (F* R intM*) U 
ir(dM). 

Note that the orbit type is constant on each component of E*. From 
now on we assume that M* is simply connected. 

Lemma 3.4. If M* is simply connected, then each component of F* R 
DM* is homeomorphic to either S 2 or D 2 . 
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Proof. Note that each component of dM* is a sphere. On the double 
D(M) we have an S^-action induced from the original S^-action. By 
Van Kampen's theorem, the orbit space D(M)* is simply connected. 
Suppose that there is a component F * of F* D dM* which is neither a 
disk nor a sphere. Then it turns out the double F(F *) is a component 
of d(D(M)*) and a surface with genus > 1, a contradiction to the 
simple connectivity of D(M)*. □ 

The orientation of M induces an orientation of M* in such a way 
that the orientation of M* followed by the natural orientation of the 
orbit coincides with the original orientation of M. For a given oriented 
submanifold X* of M* we also use this convention to orient n^ 1 (X*). 

We assign the following orbit data to M*\ 

(1) For a given component F* of F* D dM* homeomorphic to S 2 , 
take a collar neighborhood F* x [0, 1] of Fj, and orient F* x {1} 
by the outward normal. We assign to F* the Euler number of 
the ^-bundle n" 1 ^* x {1}] (_->■ F/ x {1}; 

(2) For each x* G F* flint M* — F*, take a small disk neighborhood 
5* of We assign to a;* the Euler number +1 or —1 of the 
^-bundle n-\dB*) ~ S 3 -> .95* ~ S 2 ; 

(3) Let L* be a simple closed curve in E* U (F* flint M*) and fix an 
orientation of L*. For each component J* of L* — F*, let y* be 
the end point of J*, choose a sufficiently small disk domain B* 
of y* and orient <9F* by a normal with direction of J*. We assign 
to J* the Seifert invariant (a, (3) of the orbit in 7r _1 (9F*) with 
image J*ndB*. The weights assigned to L* consists of the orien- 
tation and a finite system of the Seifert invariants, abbreviated 
by {(«!, Pi), . . . , (a n , (3 n )}. If the orientation of L* is reversed, 
the finite system changes to {(a n , a n — /3 n ), . . . , (cci, Oi\ — 

We regards these two weights to be equivalent; 

(4) Let A* be an arc component of E* U (F* f int AT). Choos- 
ing an orientation of A* , we define a finite system of Seifert 
invariants as in (3). Let y* be either the initial point or the 
end point of A*, and choose a sufficiently small disk domain 
B* of y* and orient dB* as in (3). We assign to y* the ob- 
struction number b for the Seifert bundle 7r _1 ((9F*) — > dB* 
with exactly one singular orbit. The weights assigned to A* 
consists of the orientation, a finite system of the Seifert in- 
variants and the two obstruction numbers at the end points, 
abbreviated by {b f ; (cci, j3i), . . . , (a n , (3 n ); b"}. If the orientation 
of A* is reversed, the weights change to { — 1 — b'"; (a n ,a n — 
f} n ), . . . , cci — /3i); — 1 — b'}. We regards these two weights 
to be equivalent. 

M* together with the above collection of weights is called a weighted 
orbit space. 
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Lemma 3.5 ([IS])- The weights defined above have some restriction 
stated below: 

(1) If (otj, fa) and (aij+i, Pi+i) denotes the Seifert invariants as- 
signed to adjacent arcs in some weighted arc or circle, then 

det ( ai & ) = ±1. 

\a i+ i p i+ x J 

(2) If {b'; (ai, 0i), . . . , (a n , (3 n ); b"} denotes the weights of a weighted 
arc, then 

b' ai +p x = ±1, b"a n + (3 n = ±1. 

Proposition 3.6 ([16J). Let Mi and M 2 be compact oriented 4-manif olds 
(possibly with boundary) with S 1 -action such that their weighted orbit 
spaces are isomorphic. Then Mi is orientation-preservingly equivari- 
antly homeomorphic to Mi- 
Proof. This can be proved by the same methods as [16J by using Propo- 
sitions (3.6), (3.9), Lemma (6.1) and Theorem (6.2) in pj6] together 
with Proposition (9.1) in [T7]. □ 

Next we discuss S^-actions on L> 2 -bundles over S 2 (see [32J for de- 
tails), which will be used in the subsequent sections to construct local 
structures of collapsing in several cases. 

Let S 2 = BiU B 2 be the union of its upper and lower hemispheres, 
and D 2 = D 2 (l) the unit disks, j = 1,2. Put polar coordinates on 
Bj x D 2 . For an arbitrary integer u, we consider the -D 2 -bundle over 
S 2 defined as 

S 2 x^D 2 := Bix Dl{jB 2 x D 2 2 , 

U 

where f u : dBi x D\ — > dB 2 x D 2 is the gluing homeomorphism defined 
by 

/ w (e^,se^) = (e _iv ,se <( - w ^ ) ). 

This bundle has Euler number u, which coincides with the self-intersection 
number of the zero section. Note that the boundary of S 2 x UJ D 2 is 
homeomorphic to the lens space L(|o;|,l). Conversely any D 2 -bundle 
over S 2 with the self-intersection number u of its zero section is home- 
omorphic to S 2 x LU D 2 . 

For relatively prime integers aj and bj, define an ^-action ipj on 
BjXD] by 

e i8 (re^,se i(p ) = (re i{ip+a ^ e \ se i( ^ e) ). 

Those actions ipj define an S^-action, denoted ip(ai, bi), on the bundle 
S 2 x ul D 2 if and only if a 2 = —a% and b 2 = —uai + b%. 

We show that some ^-actions with simple orbit spaces essentially 
come from S^-actions on S 2 x u) D 2 with suitable u : 
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Proposition 3.7. Let M be a compact oriented A-manif old with bound- 
ary and with a locally smooth S l -action ip whose orbit space M* is 
homeomorphic to D 3 . Suppose that 

(1) the closure of any component of the exceptional locus E* of ipo 
meets F* n intM*; 

(2) F* consists of m points of int M* and n pieces of disjoint disks 
on dM* with m + n = 2, m,n > 0. 

Then there is an S 1 -action ip on S 2 x ul D 2 as described above which is 
equivariantly homeomorphic to (M,ip ), where u is determined by the 
weighted orbit invariants of ipo as follows: 

(a) If m = 2 and E* is empty, then u G {1,2}; 

(b) If m = 2 and E* is an oriented arc with Seifert invariants 
(a",f3") joining a point of F* to a point of dM* , then \oj\ = 
a"±l; 

(c) Suppose that m = 2 and E* consists of two oriented arcs J' 
and J" with Seifert invariants (a', (3') and (a", (3") respectively, 
where J' joins a point of dM* to a point of F* and J" joins the 
other point of F* to a point of dM* . Then \u\ = \a' ± ct"\; 

(d) If m = 2 and E* is an arc joining the two points of F* , then 
u = 0; 

(e) If m = 2 and E* consists of an oriented arc J joining the two 
points of F* with Seifert invariants (a, (3), and an oriented arc 
from the end point of J to a point ofdM* with Seifert invariants 
{a",f3"), then \u\ = {a"±l)/a; 

(f) Suppose that m = 2 and E* consists of three oriented arcs J' , 
J and J" with Seifert invariants (a',f3'), (a, (3) and (a", j3") 
respectively, where J' joins a point of dM* to a point of F* , J 
joins the end point of J' to the other point of F* and J" joins 
the end point of J to a point of dM* . Then \u\ = \a' ± a"\ ja\ 

(g) If m = n = 1 and E* is empty, then \u\ = 1; 

(h) If m = n = 1 and E* is an arc from a point of dM* to F* fl 
intM* with Seifert invariants (a', (3'), then \u\ = a'; 

(i) If n = 2, then uj = 0. 




& O Q 1 ' EJ f * 



Figure 1. 
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Proof. This follows from Proposition 13 . 71 and the examples of S^-actions 
on the _D 2 -bundles over S 2 given in Section 4 of [IB]- □ 

Remark 3.8. In Proposition 13 .7\ if m+n = 1, then M is homeomorphic 
to D 4 and (M, ^q) is equivariantly homeomorphic to either (D 4 , ip a ,b) 
for some relatively prime integers a and b (m = 1) or (D 2 x D 2 , 1 x 
rotation) (n — 1). 

Part 1. Reproducing collapsed 4-manifolds 

In this Part [TJ we use some results from Parts [2] and [3J for instance 
Theorem 12.61 and Theorem 118.41 

4. Rescaling argument 

We denote by r(ai, . . . , Ofe|e) a function depending on a priori con- 
stants, di, . . . , a*; and e satisfying lim e ^ r(ai, . . . , ajt|e) = for each 
fixed ai, . . . , dfc. 

For a closed set S in a metric space, we denote by A(S;ri,r 2 ) the 
annulus B(S, r 2 ) — int -8(5, n). 

Let a sequence of pointed complete n-dimensional Riemannian man- 
ifolds (M",pj) with K > —1 converge to a pointed fc-dimensional 
Alexandrov space p) with respect to the pointed Gromov-Hausdorff 
convergence, where k < n — 1. In this section, we establish a basic re- 
sult to study the topology of the metric ball B(p iy r) for any sufficiently 
large i compared to a fixed small r > 0. If p is a regular point of X k , 
then B(pi, r) fibers over B(p, r) with almost nonnegatively curved fibre 
Q47J). Hence from now on, we assume that p is a singular point. 

The purpose of this section is to prove the following result. 

Theorem 4.1. Suppose n = 4 and that B(pi,r) is not homeomorphic 
to D A for each r > and for any sufficiently large i. Then there exist 
an r = r p > and sequences 5j — > and pi G B(p i: r) such that 

(1) pi p under the convergence B(pi,r) — > B(p,r); 

(2) B(pi,r) is homeomorphic to B(pi,R5i) for every R > 1 and 
large i compared to R; 

(3) for any limit (Y,yo) of (j-M^pi), we have dimF > k + 1. 

Remark 4.2. (1) The homeomorphism in Theorem 14.11 (2) is given 
by the flow curves of a gradient-like vector field of the distance 
function dp i = d(pi, ■ ); 

(2) The rescaling constant 5i can be thought of as the size of the 
(singular) fibre which is not visible yet. 

(3) The above theorem has been proved in [43] under the hypothesis 
that k = 2 and diam(S p ) < 7r; 

(4) A generalization of Theorem 14.11 actually holds in the general 
dimension. This will appear in a forthcoming paper. 
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Let (Y, yo) be a complete noncompact Alexandrov space with non- 
negative curvature given in Theorem 14.11 and K(oo) denote the ideal 
boundary of Y with the Tits metric. 

The following lemma has been proved in Lemma 3.7 of [15] . 

Lemma 4.3. There is an expanding map S p — > F(oo). In particular, 
dimy(oo) > dimSp. 

Actually we have the following lemma in more general setting. The 
proof is similar to Lemma 3.7 of [13], and hence omitted. 

Lemma 4.4. Suppose that a sequence (Xf,Xj) of n- dimensional com- 
plete noncompact pointed Alexandrov spaces with curvature > —ti, 
linij^oo ej = 0, converges to a pointed space (Z,z ). For \i { > con- 
verging to 0, let (W,Wq) be any limit of (— X™, a?j). Then we have an 
expanding map S zo — > W(oo). 

In particular, dim W(oo) > dimZ — 1. 

We go back to the situation of Theorem 14.11 Let S be a soul of Y. 
Proposition 4.5. dimS 1 < dimF — dimX. 

This immediately follows from Proposition 12.41 and Lemma 14.31 

As a preliminary to the proof of Theorem 14.11 we recall an argument 
in Section 3 of [13]. 

For a compact set A C X k and e > 0, let Pa (e) denote the maximal 
number of points in A having distance > e. 

Take a /Zj-approximation fa : B(p, 1/ fii) —> B(p i: l//i«) with fa(p) = 
Pi, where /ij — > as i —> oo. For any e > 0, we take an e-net 
{&}j=i,...,Pv (e) °f ^p- For a small enough r > compared to p and 
e, take x- 7 G dB(p, r), j = 1, . . . , /3s p (e), such that the direction rf at p 
of a minimal segment from p to x J satisfies Z(£ J , 77?) < r(r) < e 2 . Set 
x\ = fa(xi) and 

(4.i) u = = ■ ) : M i R - 

Consider the measure m e = R 1 , , ^ ■ where S x is the Dirac 5- 

measure. We have a sequence q — > such that the measure m ee 
converges to some Borel measure m p on E p as £ — » oo in the weak* 
topology. Note that 

(1) m p coincides with the normalized Hausdorff measure over S p if 
k < 2; 

(2) m p is regular in the sense that m p (U) > for any non-empty 
open subset U of E p . 

The latter property comes from the Bishop-Gromov volume comparison 
theorem (cf.|47J) for E p . 
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We make the identification S p = S p x{l} c K p . Let ipr '■ B(o p , l/u r ) — > 
B(p, v r \ ^X k ) be a ^-approximation such that Vv(°p) — P an d Vv(£"0 = 
, where lim^o v r = 0, and let 



/ = / d(t -)dm p :K p ^ R. 

We then have 

(4.2) \fr ofao^- f\ < T (£, r\l/i) + r(£\r) + r(l/£), 

on any fixed compact set of K p , simply denoted as 

lim lim lim f i o(j) i oip r = f. 

Lemma 4.6 ([43]. Lemmas 3.4, 3.5). If f takes a strictly local maxi- 
mum at the vertex o p G K p , then we can find 5{ — >■ and G B(pi, r) 



satisfying the conclusion of Theorem 4-1 



We give a sketch of the essential idea of the proof of Lemma 14.61 
From the assumption, one can take as the point local maxi- 

mum point of fi converging to o p , and as 5, to be the maximum distance 
between pi and the critical point set ([25], [22]) of d Pi within B(p,r). Let 
<ji be a critical point of d p . within B(p,r) realizing 8i, and let z G Y 
be the limit of under the convergence (-^M^pi) — > (Y,y ). Let 
G F(oo) denote the point at infinity defined by the limit ray, say jj 
from y of the geodesic under the convergence (^-Mj, j3j) — > (Y, y ). 
For fixed e = q and r, /j after some normalization converges to the 
function q = „ l , . . 6j , where b can be thought of as a general- 

ized Busemann function associated with jj. Let v G Tl yo be a direction 
of a minimal geodesic from t/ to Zq, and let ^ denote the angle between 
v and jj. Since z is a critical point of d yo and since Y has nonnegaitve 
curvature, we obtain that 9j > ir/2. On the other hand, since y is a 
maximum point of g, we have 



It follows that 0j = 7r/2. Therefore {^j}i<j</3 Ep (e), which have pairwise 
distance > e, must be contained in a metric sphere dB(v,7r/2;H yo ). 
Since this holds for any sufficiently small e with /?£ (e) ~ conste dimX_1 , 
we can conclude dimF > + 1. 

Lemma 4.7. Suppose one of the following two cases. 

(1) k = 2 and diam(S p ) < 7r; 

(2) diam(S p ) < tt/2. 

T/ien t/ie function f takes a strictly local maximum at o p G In 
particular, Theorem \4-l\ holds in those cases. 
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Proof. The case (1) is proved in [33], and Suppose the case (2) and 
that there exists a sequence Xj — > o p satisfying f(xi) > f(o p ) and take 
& G S p with 1 = d(o p ,€i) = d(o p ,Xi) + d(xi,d). Putting r { = d(o p ,Xi), 
we have d^(xi) < 1 — r-j/2 for every ( 6 E p with < 5, where 5 

is a small positive constant independent of %. Now by the assumption, 
d v (xi) < 1 + O(rf) for all 77 G E p . It follows that 



f(xi)= / d(£,Xi)dm p + / d(^ } Xi)dm p 

< (1 - r,/2)m p (S(e, 5; E p )) + (1 + 0(r 2 ))m p (i?(£, 5; S p ) c ) 

< (1 + 0(r 2 ))m p (E p ) - |m p (£(£, 5; E p )) 

< m p (S p ) = f(op), 

for large i. This is a contradiction. □ 



Lemma 4.8. Suppose k < 3. // diam(E p ) = 7r ; i/ien Theorem 4-1 
holds. 

Proof. We first assume that dim X = 3 and p is not a boundary point 
of X 3 . Note that K p = K(E) x E, where E is a circle of length < 27r. 
To apply the previous argument to K(E), let us consider the function 



/ = / ■ )dW : AT(E) E, 

where dl-i denotes the normalized Hausdorff measure of E. By Lemma 
14.71 / takes a strictly local maximum at o p . Take r r > with lim^o ^- = 
00, and for a point v r on the line o p xlc K(H) xK with d(v, o p ) = l/r r , 
let uv := ip r (v r ) and := <fii(w r ). Let 5** be the three-dimensional 
submanifold defined as 

SI ■= {d K = d w i(pi)} H {d Pi < r}. 

We construct a function on Mf by using an e^-net } of E, C 
dB(p,r) and {2^ = ^(a^)} in a way similar to the above construction 
of fi in flU]): 

7, = = TT^TT E ' ) : -> E. 

Similarly to ( 14. 2p . we have 

lim lim lim f\ o cj) i o ip r = f. 

£— >oo r— ^0 i— >oo 

Now take a local maximum point G 5** of the function fi restricted 
to 5** such that pi — >■ p. This is possible because / takes a strictly local 
maximum at o p and (^5**,^) — > (Ki(H),o p ) as z — > 00, r — > 0, where 
-fTi(E) denotes the unit subcone of i^(S). Let <5j be the maximum 
distance from pi to the critical point set of d Pi on B{p i) r). Note that 
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5i — > since pi — > p. Let (Y,y ) be any limit of (J-M 4 ,/3j). By the 
splitting theorem, Y is isometric to a product Y x R. Let % G -B(pj, r) 
be a critical point of <i Pi with d(pi, qi) = 5i. We may assume that qi 
converges to a point z G Y under the convergence (j-M 4 ,^) — > (Y, y ). 
The fact that z is a critical point of <i yo yields 7r 2 (yo) = ^(^o), where 
7r 2 : Y"o x — >■ K. is the projection. For a ^> 1, take 6j — >• oo such that 
fl'jfe) — a f° r := fi ~ bi- We may assume that g,i converges to a 
function on y. Since also takes a local maximum on S l r at pi, it 
follows from construction that g^ takes a maximum on Y x {7r 2 (?/o)} 
at 2/0 . Now the argument of Lemma 3.5 in [13] yields dimF > 4, and 
the theorem holds. 

The proof for the case that £ = [0, £], £ < 7r or the case that dimX = 
2, S p = [0, 7r] is similar to the above argument. 

Finally let us consider the case that S = [0,7r], that is, (K p ,o p ) = 
(M. 2 x [0,oo),0). Take i>i, r , t>2,r G M 2 x with d(o p , v a>r ) = r r , and 
Z(vi tr o p V2 t r) = 7r/2. Set w l ar = <f>i0^ r (v ajr ) as before, and consider the 
two-dimensional submanifold 

5; := {d w{ r = d w i r (pi)} n {d w i r = d w i r (pi)} n {d Pi < r}. 

Then we complete the proof by a similar argument. □ 

In the rest of this section, we consider the remaining case that 7r > 
diam(Ep) > n/2. From now on, we assume n — 4. In view of Lemma 
14.81 and [43j, we may assume dimX = 3. For £,77 G £ p with d(£,rj) = 
diam(Ep), we put x = expr£', y = exprrf, where 77' are sufficiently 
close to £ and 77 respectively, and r is sufficiently small. Take < e\ <C 
e<r< constp, and put w := exp(e£') G px, 

U ei (p,w) := B{w,e x ) ndB(p,e). 

We may assume that for some fixed constant 5 < diam(£ p ) — tt/2 

(1) Zxzy > 7r/2 + 5 for any z G B(p, e); 

(2) Zpzy — Zpzy < r(r) for any z G B(p,e); 

(3) Zj9^7/ < 7r/2 — 5 for all z G U ei (p,w). 

For Xj, 7/j G M 4 with Xi — > x, yi — > y, we have ZxiZiyi > 7r/2 + 5 for 
every Z{ G B(pi, e) and large z. Let Wi G M 4 be such that Wi —¥ w, and 

U ei (pi,Wi) := dB(pi,e) V\B{w h ei). 

Applying Lemma [4.81 to the convergence (Mf,Wi) — > (X 3 ,w), we have 
sequences 5i — > and Wi — >■ w satisfying 

(a) B(wi, ex) ~ B{w i: RSi) for every i? > 1 and large i; 

(b) for any limit (Y, y ) of J-(M 4 ,7i)j), we have dim"K = 4. 

Note that Y is isometric to a product Ex Y" - By Lemma l4~3| dim Y(oo) > 
2. It follows from Proposition 12.41 that the dimension of the soul So of 
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Y is or 1. Since Y has no boundary, the generalized soul theorem 
in [13] implies that 

B(3 , R; Y ) ~ D 3 or S 1 x D 2 

for large R > 0. 

Lemma 4.9. VKe have 

U £l (p i7 Wi)~B(S ,R;Y ) 

~ L> 3 or S 1 x L> 2 . 

Proof. Let i?i S> i? be large numbers, and let g« be a point on piiii with 
d(qi,Wi) = 5iR\. Let g G K be the limit of under the convergence 
(J-M 4 4 ,w)j) — )■ (Y, yo). From the standard Morse theory for distance 
functions together with the proof of Lemma 14.81 

U ei (pi,Wi) ~ U €1 (pi,Wi) 

— U 5l R(Pi,Wi) 

- U SiR (qi,Wi). 

It should be noted here that to show the second ~ above, we actually 
need to take a smooth approximation d p . of d Pi . Since this is only a 
technical point, we omit the detail of this argument. 

Now consider the convergence (j:Mf,Wi) — > (Y,y ) and note that 
(d yo , d q ) is regular near (d yo , R±). It follows from Theorem 11.61 

that 

U Sl R(qi,Wi) ^ U R (q,y ) 

~B(y ,R;Y ) 
~B(S 0l R;Y ). 

This completes the proof. □ 

To complete the proof of Theorem I4.1[ we need to determine the 
topology of B(pi,r). This is based on the following lemma. 

Lemma 4.10. There exist a positive number e independent of i and a 
unit vector field V, on B(pi,e) satisfying: 

(1) The flow curves of Vi are gradient-like for d y .; 

(2) Let h\. (t) denote the flow curve of Vi starting from a point z% . 
Then we have 

(a) h\ {t) is transversal to dB(pi,e) for every Z{ E U tl (pi,Wi); 
(b) 

for every z { E U ei {p h Wi) - U €l/2 (pi,Wi) . 
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Proof. We construct a local gradient- like vector field for d Vi on a small 
neighborhood of each point of B(pi,e) and use a partition of unity to 
get a global one. 

It is easy to construct a vector field Wi on a small neighborhood 
of a broken geodesic WiPi U piyi so as to satisfy (1), (2)-(a) and that 
the flow curve of Vi through Wi passes pi. Extend Wi on B(pi, 62), 
e 2 = lCT 10 ei so as to satisfy (1). For each qi G B(pi, e) — Ai — B(pi, €2), 
let v qi denote a unit vector at tangent to a minimal geodesic from qi 
to Hi. The property (2) stated in the preceding paragraph of Lemma 
S3] yields that 

(4.3) \Z(v qi ,(p i yj-Ay' q ,P' q )\<r(e,l/t), 

where q is a limit point of q^ Let V qi be a smooth extension of v qi to a 
small neighborhood of By patching {V q } with a partition of unity, 
we construct a vector field Wi on B(pi,e) — Ai — B(pi, 62) satisfying 
(14. 3 p in place of To obtain the required vector field, it suffices to 
patch Wi and TVj. □ 

Lemma 4.11. 

B(pi,e) ~ U ei (pi,Wi) x J. 

Proof. Let £j := pjWj U PiUi and consider a smooth approximation /j 
of the function <i(£j, •), which is regular near ff l (ei) for some small e\ 
independent of i. Let Si = B(p i} e) fl {fi = ei}. By using Lemma 14. 101 
one can construct a gradient-like vector field Wi for d Vi on Bi := {fi < 
ei} f)B(pi, e) such that Wj is tangent to Si. To do this, it suffices to take 
the tangential component of the vector field V{ to Si in the orthogonal 
decomposition of Vi, where Vi is the vector field given in Lemma 14. 1Q[ 
Thus we have Bi ~ U €l (pi, Wi) x /. Since fi is regular on B(pi, e) — int Bi 
and the gradient flow of it is transversal to d(B(pi,e) — int-Bj), we 
conclude that B(pi,e) ~ B,^ □ 

Proof of Theorem \4.1\ in the case of 71/ 2 < diam(S p ) < it. By the pre- 
vious lemma together with the topological assumption on B(pi,r), 
B(pi, e) is homeomorphic to S^-xD 3 . Let Tj = iii(B(pi, e)), and B(pi, e) 
the universal cover of B(pi, e). For a point pi G B(p i: e) over p { , put 

Si := min d(jpi,pi), 
76IWI} 

and choose a sequence Tj — >■ satisfying 

lim — 00. 

j^oo max{5 i ,(i GH ( J B(p i ,e), J B(p,e)} 

Let (Z, z , G) be any limit of (^B(pi, e),pi, Tj) with respect to the 
pointed equivariant Gromov-Hausdorff topology (see |20j for instance 
for the definition). Note that G is a lie group ([21]). By the choice 
of Ti, Ti collapses, that is, dimG > 0. Since dim Z/G = 3, it follows 
that dimZ = 4. Since Z is simply connected and dimZ(oo) > 2, the 
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soul of Z must be a point, and therefore Generalized Soul Theorem 12.61 
implies that Z is homeomorphic to M 4 . 

Let (W, wo, be any limit of (j-B(pi,e),pi,Ti)) with respect to 
the pointed equivariant Gromov-Hausdorff topology. The previous ar- 
gument shows dimY" = 4. Moreover Tj does not collapse under this 
convergence, and therefore ~ Tj ~ Z. As before, since Y is sim- 
ply connected and dimy(oo) > 2, Generalized Soul Theorem 12.61 and 
Proposition El imply Y ~ R 4 . Hence Y/T w the limit of (j-M 4 ,pi), 
has a soul ~ S 1 . Corollary 12.71 then yields that B(p i ,R5 i ) ~ S 1 x D 3 
for large R > and i. This completes the proof of Theorem 14. 11 □ 

Corollary 4.12. If a sequence of pointed 4- dimensional complete Rie- 
mannian manifolds (M 4 ,pi) with K > — 1 converges to a pointed 3- 
dimensional complete Alexandrov space (X 3 ,p), then there exists a pos- 
itive number r = r p depending only on p such that B(pi,r) is homeo- 
morphic to either D 4 or S 1 x D 3 for sufficiently large i. 

Proof. Applying Theorem 14.11 to the convergence (M 4 ,pi) — > (X 3 ,p), 
we have sequences 5i — >■ and pi e Mi such that 

(1) pi — >■ p under the convergence M 4 — > X 3 ; 

(2) B(pi,r) is homeomorphic to B(pi,R5i) for every R > 1 and 
large z > «(.R); 

(3) for a limit (Y,yo) of (j-Mi,pi), we have dimF = 4. 

Since Y(oo) has dimension at least two (Lemma 14.3)) . the soul of K has 
dimension at most one (Proposition 12. 4p . Thus Corollary 12.71 implies 
the conclusion. □ 

5. Geometry of Alexandrov three-spaces 



From Theorem 14.1) it is significant in the first step to analyze col- 
lapsing of 4-manifolds to 3-dimensional Alexandrov spaces, which will 
be discussed in Sections El [71 [8] and [9j In this section, we investi- 
gate the structure near singular points of 3-dimensional Alexandrov 
spaces with curvature bounded below, and obtain two results: One is 
about the structure of the essential singular point set of a 3-dimensional 
Alexandrov space in terms of quasigeodesics (Proposition 15. 7)) . and the 
other is about the existence of a collar neighborhood of 3-dimensional 
Alexandrov spaces with nonempty boundary (Theorem 15. 14)1 . 

We first prepare some material on extremal subsets (see [38J for the 
details). By definition, a closed subset F in an Alexandrov space X 
with curvature bounded below is called extremal if the following holds: 
For any p G X — F, consider the distance function d p = d(p, •), and 
let q G F be a local minimum point for the restriction d p \p. Then q is 
infinitesimally a local minimum of d p , namely 

hmsup < 0. 

qi ex-* q d(qi, q) 
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or equivalently, 

maxmin Z(£, rj) < tt 12. 

If F is a point, F is extremal if and only if it is an extremal point in 
the sense of Section [TJ 

Example 5.1. (1) dX is an extremal subset of X; 

(2) Ixo is an extremal subset of R x K(Sj), where Sj denotes the 
circle of length £ < tt and o is the vertex of the cone K(Sj). 

Now consider an Alexandrov space E with curvature > 1. A closed 
set O C E is called extremal if it satisfies the above condition together 
with 

(1) £ = 5(^/2); 

(2) diam(S) < tt/2 if Q is either a point or empty. 

Example 5.2. (1) Let £ be the spherical suspension over a circle 
of length < 7i. Then the set consisting of the two vertices of E 
is extremal; 

(2) Let £i, £ 2 and £ 3 be three points on the unit sphere S 2 (l) with 
= tt/2, (z = 2,3), and d(f 2 ,&) < tt/2. Let D(A) 
denote the double of the triangular region bounded by A£i£ 2 £3- 
Then any nonempty subset of {^1,^2,^3} is extremal in D(A). 

Lemma 5.3 ([3E])- F C X is extremal if and only if E p (F) C E p is 
extremal for any p G F, where the space of directions S p (F) of F at p 
is defined as the set of directions £ G £ p such that for some sequence 
x n G F with x n —> p, (x n )' p converges to £. 

Here we present some information on the essential singular point set 
in a 3-dimensional Alexandrov space. First we need 

Lemma 5.4. Let E be a compact Alexandrov space with curvature > 1 
and with boundary. Then there exists at most one extremal point of 
int E. 

If int E has the unique extremal point, then it must be the unique 
maximum point of the distance function from the boundary <9£. 

Proof. Note that / = <i(<9E, ■ ) is a strictly concave function on E ([35J), 
and therefore / has a unique maximum point. From the concavity, it 
is obvious to see that any non-maximum point of int E has the space 
of directions whose diameter is greater than tt/2. □ 

Lemma 5.5. Let C be a closed subset of the essential singular point 
set ES(X 3 ) of a 3-dimensional Alexandrov space X 3 satisfying the fol- 
lowing: 

(1) For any p G C, either S p (C) contains at least two elements, 
or it consists of only a point. In the latter case, p must be an 
extremal point of X 3 ; 
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(2) C fl dX 3 is either empty or consists of components of dX 3 . 
Then C is extremal. 

Proof. Obviously for any p G C, every direction £ G £ p (C) is an essential 
singular point of £ p (X 3 ). Therefore by Example 15 .11 and Lemma IST^l we 
may assume that C C int X 3 . By Lemma 1531 it suffices to show that for 
any p G C, £ P (C) is an extremal subset of E p (X 3 ). From assumption, 
it suffices to consider the case when S P (C) contains distinct elements 
£i and £2- Then we have 

(5.1) L(S €i (S p (X 3 )))<tt, i = 1,2. 

If diam(S p ) < tt/2, clearly S P (C) is extremal. If diam(E p ) > tt/2, then 
£1 and £2 realize the diameter of £ p , because any other point £3 from 
£1, £2 does not satisfy (15. ip . In view of (15. ip . the Alexandrov convexity 
implies that B(£i,n/2) and S(£ 2 ,7r/2) cover S p , and hence S P (C) is 
extremal. □ 

Remark 5.6. In Lemma I5.5[ the two conditions on C are essential. For 
instance, let £ 2 be a compact Alexandrov surface with curvature > 1 
such that 

(1) the radius of £ 2 is less than or equal to 7r/2; 

(2) E 2 contains at most one essential singular point; 

(a) if S 2 has no essential singular point, then diam(S 2 ) > 7r/2; 

(b) if S 2 has an essential singular point £, then there is an 7] 
with d(£,7)) > tt/2. 

For X 3 := A(£ 2 ), ES(X 3 ) is not extremal because the extremal con- 
dition does not hold at the vertex of the cone K{Y?). 

Let A be a complete Alexandrov space space with curvature > k. 
For a curve 7 : [a, b] — > X and a point p G X, a curve 7 on the K-plane 
M 2 is called a development of 7 from p if d(7(i), p) = d^it), p) for some 
point p. The curve 7 : [a, b] — > X is called a quasigeodesic (see [SB]) if 
for any point p G A, the development 7 of 7 from p defines a convex 
subset bounded by pj(ti), pj(t 2 ) and j([ti, t 2 ]) for any a < t 1 < t 2 < b. 

Proposition 5.7. Let X 3 be a 3- dimensional complete Alexandrov 
space with curvature bounded below, and letC be a subset ofES(intX 3 ) 
satisfying the condition (1) of Lemma \5.5i Then C has the structure of 
a finite metric graph such that 

(1) every vertex ofC as a graph except the endpoints has order three; 

(2) every subarc of C is a quasigeodesic. 

Proof. By Lemma 15.51 C is extremal. It follows that C is locally con- 
nected by quasigeodesics ([38]) and that there exists a quasigeodesic 
starting at p in a direction £ G S P (C). The uniqueness of such a quasi- 
geodesic follows from the argument in the proof of Assertion 16. 121 Note 
that S p has at most three essential singular points (see Appendix in 
[^3]). This completes the proof. □ 
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Example 5.8. Let E be a compact Alexandrov surface with curvature 
> 1 and with exactly three essential singular points, say pi, p 2 and p 3 . 
We consider the spherical suspension X 3 = £ x sint [0, n] of E, where 
we make an identification E = Sx {tt/2}. X has the essential singular 
point set consisting of three minimal geodesic segments joining the two 
poles of X 3 through p,. 

Example 5.9. We construct a 3-dimensional complete open Alexan- 
drov space X 3 with nonnegative curvature whose essential singular 
point set consists of a countable set with a limit as follows: First we 
construct a noncompact convex body E in the (x, y, z)-space as fol- 
lows. Let C be a compact convex "polygon" on the (x, y)-plane with 
countable edges such that a sequence pi of consecutive vertices of DC 
converges to a point p e dC. We denote by {e^} the line segment 
from Pi-\ to Pi in dC. For a point 6 M 2 — C sufficiently close to 
the midpoint of e^, let li be the geodesic ray in M 3 starting from (g^, 1) 
in the direction to the positive z-axis. Let be the minimal convex 
set containing C x [0, oo) and t\ U 1% U • • • . If d(q iy e«) is sufficiently 
small, then pi x [0, oo) is contained in dE. Finally we take the double 
X 3 := D(E). X 3 has nonnegative curvature, and ES(X 3 ) consists of 
the sequence p^ i = 1, 2, . . . with the limit p. 

Example 15.91 shows that in Proposition 15.71 one cannot drop the con- 
dition (1) in Lemma |5.5[ 

Next we turn to the other subject of this section, the existence of 
a collar neighborhood of the boundary of an Alexandrov space with 
curvature bounded below. 

Proposition 5.10. Let X n be an Alexandrov space with curvature 
bounded below and with nonempty boundary. Then dX n has a col- 
lar neighborhood^, e., an open neighborhood of dX n homeomorphic to 
dX n x [0,1). 

Proof. This is done by induction on n. The case of n — 1 is clear. By 
[5], it suffices to show that dX is locally collared. For any p 6 dX, 
<9£ p has a collar neighborhood. This implies that dK p has a collar 
neighborhood. Thus there is an e > such that B(p,e) PI dX has a 
collar neighborhood. □ 

Since the collar neighborhood given in Proposition 15.101 is only topo- 
logical, it is not enough for our purpose. We need a metric collar 
neighborhood at least when dX is compact. 

We put for e > 

X e = {x eX\d(x,dX) > e}. 

Conjecture 5.11. Let n be any positive integer, and let X n be an n- 
dimensional Alexandrov space with curvature bounded below and with 
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nonempty compact boundary. Then there is a positive number e such 
that X n — X™ provides a collar neighborhood of dX n . 

The author is not certain if the method in [5] can be applied to 
solve Conjecture 15.111 affirmatively Here is a conjecture related with 
Conjecture 15.111 

Conjecture 5.12 (|38j). If X n is an Alexandrov space with curvature 
> k, then so is the boundary dX n (if it is nonempty) with respect to 
the length metric induced from X n . 

Conjecture 15.111 will be true if we come to know Conjecture 15.121 to 
be true: 

Observation 5.13. If Coniecture \5. ZH is true, then Coniecture \5.11\ is 
also true. 

Proof. Let Y n denote the gluing 

Y n._ X n UdxndX n X [0,00). 

By the assumption, dX n x [0, oo) is an Alexandrov space with curvature 
bounded below. It follows from [39J that Y n is also an Alexandrov space 
with curvature bounded below. Put Z := dX n x 1 C Y n and consider 

/ = d(Z, ■ ) : Y n -»■ R. 

Obviously / is regular on dX n x 0. Observation 15.131 immediately 
follows from [35] • D 

Theorem 5.14. Coniecture \5.11\ is true for n = 3. 

Proof. First note that each point p of dX 3 has a small spherical neigh- 
borhood homeomorphic to R+. Consider the convergence (^X 3 ,p) — > 
(Kp,o p ) as r — > 0. Since S p — (£ p ) e provides a collar neighborhood 
of <9£ p for small e, it follows that K p — (K p ) e also provides a collar 
neighborhood of dK p . Note that o]qk p and (d.QK p ,d 0p ) are regular on 
{0 < oIqk v < e} and {0 < oIqk p < e ,d 0p > 1/2} respectively. This 
ensures the existence of a positive number r such that B(p,r) — Xf 
provides a collar neighborhood of dX 3 (1 B(p, r) for e r. We take a 
finite covering {B(pj, Tj/2)}i<j<Ar of dX 3 , where 6j Tj are chosen for 
Pj as above. Let ii' be a triangulation of dX 3 by Lipschitz curves, and 
take sufficiently small e compared with minje,'} and the sizes of the 
simplices of K. Let K % denote the i-skeleton of K. For each p e K°, 
choose a minimal geodesic 7 P from p to <9X e . The disjoint union of 
{lp}peK° provides a collar of K . For each edge e G K 1 , choose a 
Lipschitz curve ei on dX e such that 

(1) the union of e, ei, 7 P and 7 g bounds a 2-disk in X 3 — int Xf, 
denoted D e , giving a collar of e, satisfying int D e C int X 3 — Xf, 
where p and q are the endpoints of e; 

(2) if two edges e and e' of K meet at a vertex p, then D e C\D e i = j p . 
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This is possible because of the local collar structure mentioned above. 
Now for every 2-simplex A 2 of K, let Dq&2 be the collar of <9A 2 con- 
structed above. Let A 2 denote a disk domain of dX 3 bounded by 
Dq&2 n dX e . Since the union of A 2 , -Dqa 2 and A 2 is homeomorphic to 
S 2 and locally flat, by the generalized Schoenflies theorem, it bounds 
a closed domain homeomorphic to D 3 , which gives a collar of A 2 ex- 
tending the collar structure given by D 9A 2. Thus we obtain a collar 
structure on X 3 — X 3 . □ 

6. Collapsing to three-spaces without boundary- 
local CONSTRUCTION 

Let a sequence of complete 4-dimensional pointed Riemannian man- 
ifolds (M^, with K > — 1 converge to a 3-dimensional pointed 
Alexandrov space (X 3 ,p). Throughout this section, we assume that 
p is an interior point of X 3 . The purpose of this section is to construct 
an S^-action on a small perturbation of B(pi, r), for a sufficiently small 
r > depending only on p. 

By Fibration Theorem 11.21 we have a locally trivial S^-bundle /j : 
M[ — > mt B(p, 1) — S$ 3 (X 3 ) which is e^-approximation, lim^oo Cj = 0, 
where M[ is an open subset of Mf and 5% > is sufficiently small. 

Our first step is to prove that dB(p iy r) is a Seifert fibred space over 
dB(p, r). 

Let (5 <C r and consider B(q,5) for every q G dB(p,r). We take a 
point qi G dB(jpi,r) Gromov-Hausdorff close to q G dB(p,r). 

Lemma 6.1. There exist positive numbers r p and c q such that if r <r p 
and S/r < c q , then for some r x < r < r 2 and 8i < 8 < 8 2 suf- 
ficiently close to r and 8 respectively, there exists a homeomorphism 
hi : (dp i ,d qi )~ 1 ([r 1 ,r 2 \ x [S 1 ,5 2 \) -> T 2 x [ri,r 2 ] x [8 1 ,8 2 ] which respects 
(dpi, d qi ) , that is, p r o hi = (d Pi ,d qi ), where p r is the projection to the 
factor [ri,r 2 ] x [5i,<5 2 ]. In particular, dB(pi,r) fl dB(qi,8) is homeo- 
morphic to T 2 . 

Proof. Note that (d p ,d q ) is regular near (d p , rf g ) _1 (r, 8) for 8 <C r < 
constp. By [35], (d p , d 9 ) _1 (r, 8) ~ S 1 and we have a homeomorphism 
h : (d p ,d q y 1 ([r l ,r 2 \ x [<$i,5 2 ]) -> S 1 x [ri,r 2 ] x [5i,5 2 ] which respects 
(dp, d q ) for some r\ < r < r 2 and <5i < 5 < 8 2 sufficiently close to 
r and 8 respectively. Since (d p ,d q )~ 1 ([ri,r 2 \ x [<5i,<5 2 ]) does not meet 
S$ 3 (X 3 ), Fibration Theorem 1 1 . 2 1 to get her with a standard Morse theory 
for distance functions yields 

(d pv d qi y 1 ([r 1 ,r 2 \ x [8 U 8 2 ]) 

~ ^-bundle over (d p , d q )~ 1 ([r 1 ,r 2 ] x <5 2 ]), 

~ (S^-trivial bundle over S 1 ) x [ri,r 2 ] x [<5i,<5 2 ]. 

From the regularity of (d Pi , d qi ), we have the required homeomorphism. 

□ 
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Recall that 



Us(Pi,qi) :=5%r)n%(5), 



for qi G dB(j>i, r). 

Lemma 6.2. Us(pi, qi) — S 1 x D 2 for sufficiently small r, 5 <^ r and 
large i. 

Proof. It follows from Lemma 14.91 that Us{pi,qi) is homeomorphic to 
either S* 1 x D 2 or D 3 for any sufficiently large i. Hence the result follows 



Proposition 6.3. If p is an interior point of X 3 and if diam(S p ) > 
7r/2 ; then B(p h r) ~ S 1 x D 3 . 



Since 5^(E P ) is finite for every 5 > 0, Ss(K p ) is the union of finitely 
many geodesic rays starting from o p . In view of the convergence (^X 3 , p) — > 
(K p , o p ) as r — ► 0, it is possible to take a small positive number e = e p 
and a finite subset {? ;? }j=i,...,fc(p) of dB(p, r)nSs 3 (X 3 ) for any sufficiently 
small r = r(p, e) > such that 

(1) {U er (p, q% covers 0B(p, r) n ^ 3 (X 3 ); 

(2) (U tr (p,qi) — U e io r (p,qi)) does not meet Ss(X 3 ); 

(3) {Uerip, q J )}j is disjoint. 

Since S p is topologically regular, U er (p,qi) is homeomorphic to D 2 for 
a small e. 

Let £j G ^ (S p ) be the direction with Z(£j, {q*) p ) < T~(r), and take 
q\ G dB(pi,r) with g;? — » g J . 

Lemma 6.4. Let e = e p be as above. Then there exists a positive 
number r p such that for every < r < r p we have a three-dimensional 
submanifold Ujj of Mf , a small perturbation of U er {pi,q{) , satisfying 
the following: 

(1) d GH (U jti , U er (p, q 3 )) -> as z -)> oo; 

(2) t/j^ is a fibred solid torus over U er {p,qi) such that 

(a) dUjj = fi{9U er (p,q^)) and the fibre structure on dUj^ 
induced from that of Ujj is compatible to the S 1 -bundle 
structure on dUj ti defined by fa 

(b) the Seifert invariants of the singular fibre in Uj^ {if it 
exists) do not exceed 




□ 




□ 



27r/L(E ?j .(E p )); 



(3) 



Let 



dB*(pi,r) := fr\dB(p,r) - U,C/ er (p, qi)) (JO^i), 



and let B^(pi, r) denote the closed domain bounded by dB^(pi, r) 
containing p^. Then B** (pi, r) ~ B(pi, r) . 
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In particular, dB^{pi,r) is a Seifert fibred space over dB(p,r) . 



Proof. First note that both d Pi -How curves and d ft -flow curves are 
transversal to f[' 1 (dU er (p, g- 7 )). Hence using some d qi -Qow curves start- 
ing from ff [dU er (p,q^)), we can extend ff {dU er {jp,q>)) to a three- 
dimensional submanifold Uj^ such that 

(1) dUj t i is the disjoint union of ff {dU er (p,q')) and dU er /2(pi, q\ ); 

(2) t/^ ~ fr 1 (dU er (p,q j )) x J through d 5i -flow curves ; 

(3) (ip.-flow curves are transversal to t/^; 

(4) The Hausdorff distance between Uj ti and U tr (pi, q J i )—U er / 2 (Pi, q{) 
is less than r^r, where lim^oo n = 0. 

We let f/^j denote the union of Uj t i and U er / 2 (pi,qj). It follows from 
(3) that B^(pi,r) ~ B(pi,r), where B^(pi,r) is defined as above. By 
(1) and (2), Ujj ~ D 2 x S* 1 . Therefore from construction, we only 
have to prove the conclusion (2)-(b) for Uj ti chosen in this way. Let 
denote the compact domain consisting of the flow curves of d Pi through 
U er (pi,ql) and contained in A(p i ;r 1 ,r 2 ) for r\ = 0.9r and r 2 = l.lr. 
We may assume that converges to a compact domain Vf containing 
U er/2 (p, qi). Since {\Vj\ q>) converges to := K(U e/2 (o p , Q) fl {0.9 < 
d 0p < 11}, we have 

d p-OH (i^ql), < Ah + r(r), 

where lim^oo = (for any fixed r). Therefore for a sequence u a — > 
as a — )■ oo, we see 

^.Gfl ( (— V{ d ,qi), (i^(£ p ) x E, (o^O))) < ti/v«r+T(r)/v a +T(l/a), 

which converges to zero if we take a sequence depending on (a, r, i) 
in such a way that a ^> 1 and r(r)/u a <C 1 and A/vaT "C 1. Let 
V!y — )■ be the universal cover and T it j the deck transformation group 
of it. Passing to a subsequence, we may assume that {j^Vfj, qf, T it j) 
converges to a triplet (Z, z , G)with respect to the pointed equivari- 
ant Gromov-Hausdorff convergence, where Z is a complete noncom- 
pact Alexandrov space with nonnegative curvature such that Z/G is 
isometric to K(S} ) x R with i = L(£ & (£ p )). In a way similar to 
Section 4 of [43], we have 

(1) Z is isometric to a product K(Sj) xlxR; 

(2) G is isomorphic to x R, where fi < 2it/£ q and 

Z„xKc Isom(K(^)) x Isom(R) C SO (2) x R, 

from which we obtain a fibred solid torus structure on U er (j)i,qf) of 
type (/!, i/) for some u, compatible to the fibres of fi on the boundary. 

From the construction of Uj ti , the fibre structure on U er (j)i,qf) defines 
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a fibre structure on Uj ti of the same type as U er (pi,ql), compatible to 
the fibres of fi on the boundary. □ 



Let fi : dB^(pi,r) — > dB(p,r) be the Seifert fibration given in 
Lemma I6.4[ 

Proposition 6.5. There exists a positive number r = r (p) such that 
for any < r < ro and sufficiently large i the Seifert fibration fi : 
dB^(pi,r) — > dB(p,r) satisfies that 

(1) the number of singular fibres is at most two; 

(2) for any singular fibre over a point q G dB(p,r), there is an 
essential singular point C, of T, p with Z(£,g p ) < r(r) such that 
the Seifert invariants of the singular fibre do not exceed 

(3) fi comes from some S l -action on dB^(pi,r) . 

In view of Lemma I6.4[ for the proof of Proposition I6.5[ it suffices to 
check (1) and (3). We need the following 

Proposition 6.6. Suppose that a sequence of pointed complete ori- 
entable Riemannian 4-manifolds (Mf,pi) collapses to a pointed Alexan- 
drov 3-space (X 3 ,p) under K > — 1. Then X 3 is a topological manifold. 

Proof. In view of Stability Theorem ll.5[ it suffices to show that S p is 
homeomorphic to S 2 or D 2 . If p G dX 3 , then S p is an Alexandrov 
surface with curvature > 1 and with nonempty boundary, and hence 
it is homeomorphic to D 2 . If p G intX 3 , then S p is homeomorphic 
to either S 2 or P 2 . Suppose S p ~ P 2 . By lemma I6.4[ we have a 
Seifert fibration fi : dB(pi,r) — > S p . Note that the number rrii of the 
singular orbits of satisfies mj < 1. Otherwise, the universal cover E p 
of S p would contain more than three essential singular points. This is 
a contradiction to the curvature condition that S p has curvature > 1 
(see for instance Appendix in [13]). If m 8 = 0, then dB^(pi,r) is an 
^-bundle over P 2 , denoted P 2 xS 1 . This is a contradiction to Lemma 
14.111 If vrti = 1, then dB^(pi, r) is homeomorphic to P 2 xS 1 or a prism 
manifold (see [32] for instance). This is also a contradiction to Lemma 
ITOl □ 

Proof of Proposition 1 6. 51 . By Corollary I4.12[ B(pi,r) is homeomor- 
phic to either S* 1 x D 3 or D 4 . If B(pi,r) ~ S 1 x D 3 , [3D], p.459, shows 
that the number of singular fibres of /j : dB^(pi,r) ~ S 1 x S 2 — > 
dB(p,r) ~ S 2 satisfies that m ; = or 2. If B(pi,r) ~ D 4 , then the 
Seifert bundle fa : dB^(pi,r) ~ S* 3 — > dB(p,r) ~ 5 2 has at most two 
singular fibres (see [32]). In either case, fi comes from an S^-action on 
dB^(pi,r) (see [32]). This completes the proof of Proposition 16.51 □ 
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Our next step is to construct an ^-action on B^(pi, r) extending /j. 

Let us begin with the following lemma, which easily follows from the 
convergence (^X 3 ,p) — > (K p ,o p ) and the finiteness of Ss{^ p ) for any 
8>0. 



Lemma 6.7. For any p G X , let e = e p > be as in Lemma 6^4 
Then there exist a positive integer k = k(p) and r = r(p,e) > such 
that for some x 1 , . . . ,x k G dB(p, 10r), 

(1) B(p, lOr) n s Sa (x 3 ) c U U B ^ x ^ er ); 

(2) ( J B(px J ',er)- J B(px J ',e 10 r))nA(j9;r/100,10r) does not meet S Ss (X 3 

(3) {Bijixi , er) fl A(p;r /100, 10r)}j is disjoint. 

For each 1 < j < k and for €\ G (0, 2e], r 2 < r\ < 2r, we consider 



Aj(p; e) := B(px j , er) n B(p, 2r), 
Aj(p; e x ; r x ) := A 5 -(p; ei) n £(p, r x ) 
A j (p;e 1 ;r 2 ,r 1 ) := Aj(p; ei) n A(p;r 2 ,ri) 
A /l (pi;r!,r) := {x G B h (p h r) \ d(p h x) > rj. 

Fibration Theorem 11.21 enables us to take a closed domain Aj(pi] e) C 
-B(pi, 2r) such that 

(1) A^fjo^e) converges to Aj(p;e) under the convergence Mf — > 
X 3 ; 

(2) dAf(pf,e) n hit A(p;; r/100, 2r) coincides with f~ l (dA j (p]e) D 
intA^; r/100, 2r)). 

Take x{ G dB(pi, lOr) close to x J G dB(p, lOr), and let d_ ^ be a 
smooth approximation of the distance function d px j. We consider 

A i j (p i ;e):={d pixi <er}nB(p i ,2r), 

A* (p <; e; n, r) := A* (ft; n, r) n A* (p i5 e). 

Lemma 6.8. Aj^ft; e; r/100, r) ~ (S 1 x L> 2 ) x J. 

Proof. By using the flow curves of a gradient vector field for d s, we 
have 

Af(pi;e; r/100, r) ~ A}(p i; e) n A /! fe; r/100, r). 

By Lemma 16.21 together with the flow curves of a gradient-like vector 
field for d Pi , 

A}(p<;e) nA fi (pi; r/100, r) ~ (S 1 x D 2 ) x /, 

and hence A^O;; e; r/100, r) ~ (5 1 x D 2 ) x I. □ 
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Now we construct an S^-action on B^(pi,r) extending /j. Let us 
first consider 



Case I. B( Pi ,r) ~ S 1 x D 3 . 

In this case, the number of singular fibres of f\ : dB^ (pi, r) ~ S 1 x 
S* 2 — > dB(p, r) ~ S 2 satisfies that rrii = or 2. If = 0, is a trivial 
bundle and extends to a trivial bundle B^(pi,r) — > B(p,r) (compare 
Lemma below). Thus we obtain a free S^-action on B^{pi, r) whose 
orbit space is homeomorphic to B(p,r), as the collapsing structure on 
B fi (pi,r). 

Before considering the essential case m« = 2, we need the following 
elementary lemma on extending S^-actions. Probably this is obvious 
for specialist, but for the lack of references we shall give a proof. 

Let denote the S^-action on the solid torus S 1 x D 2 given by 
the canonical fibred solid torus structure of type (p, u). Namely, (p^ u 
comes from the standard Z M -action on S 1 x D 2 generated by 

r^(e iei ,re^) = (e j(ei+ ^,re i(e2+ ^ ) ). 

We consider the canonical orientation of S 1 x D 2 x /, and the orientation 
on 9(S' 1 x D 2 x /) as boundary. 

Lemma 6.9. Consider an S l -action ip on (S 1 x 3D 2 x /) U (S 1 x D 2 x 
{0}) such that 

• ip defines an S 1 -action, denoted <po, on S 1 x D 2 x {0}, equivari- 
ant to 4>fj,y, 

• ip defines a free S 1 -action on S 1 x 3D 2 x /. 
Then the following holds: 

(1) (f extends to a locally smooth S 1 -action if) on S 1 x D 2 x /; 

(2) Any such an extension if) is equivariant to the product action 

x id; 

(3) // we are also given an S 1 -action, denoted (pi, on S 1 x D 2 x {1} 
equivariant to (p^^-v o,nd compatible to p on the boundary, then 
p U <pi extends to a locally smooth S 1 -action on S 1 x D 2 x /. 

Proof. We first show (3). Let Vj, j = 0,1, be a subsolid torus of 
S 1 x int.D 2 x {j} invariant under the action of <ftj. Choose a closed 
domain W of S l x int D 2 x / homeomorphic to S 1 x D 2 x / such 
that W D (S 1 x D 2 x {j}) = Vj. Let p : W S 1 x D 2 x I be a 
homeomorphism, and V t := p _1 (5' 1 x D 2 x {t}), tel. Let f : (S 1 x 
D 2 , <p^u) -> (Vo, 0o) and / x : (5* 1 xD 2 , <p^ u ) -)■ (Vi, 0i) be equivariant 
homeomorphisms. From the assumption, g := /{"" o p^ 1 o n 0i i o p ° fo 
is isotopic the identity, where p t := p|y t : V t — > S 1 x D 2 x {£} and 
: S 1 x D 2 x {s} S 1 x D 2 x {t} is the natural identification. 
Let g t be an isotopy between g and the identity (= g{). Then f t := 
p^ 1 o H l t o p 1 o fi o g t gives a continuous family of homeomorphisms 
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: S 1 x D 2 — > V t joining f and f\. Using f t , we can extend the orbit 
structure on V U V\ to that on W . Thus we have an S^-action on W 
extending (V , O ) and (V 1} 0i). Note S 1 x D 2 x J-int W ~ S 1 x A 2 x J, 
where A 2 is an annulus of D such that 7J> — A 2 is an open disk. From 
now on we identify S* 1 x D 2 x I — int W with S* 1 x A 2 x 7. Now we 
have a free S^-action on S* 1 x <9(v4 2 x 7) ~ T 3 given by 0i and 
0. Since gives rise to a trivial bundle S* 1 — » T 3 — > T 2 , it provides an 
imbedding g : S 1 x d(A 2 x 7) — > S 1 x A 2 x 7 such that 

(1) g leaves S* 1 x OA 2 x {£} invariant for any t G 7; 

(2) ^(S* 1 x (x, t)) gives the 0-orbit for any (x,t) G d(A 2 x 7); 

(3) g : {1} x «9(A 2 x 7) : {1} x 8{A 2 x 7) -> S* 1 x «9(A 2 x 7) is a 
section to 0. 

Therefore we have a homeomorphism 

: S 1 x d{A 2 x 7) - #({1} x d{A 2 x 7)) ~ J x d(A 2 x 7), 

where J is an open interval. Extend the section g to an embedding 
G : {1} x A 2 x I — > S 1 x A 2 x I so that the 0-orbits meet the G- image 
only with the g-image. Then h extends to a homeomorphism 

77 : S 1 x A 2 x 7 - G({1} x A 2 x 7) ~ J x A 2 x 7. 

Since i7 extends to a homeomorphism 77 : S 1 x A 2 x 7 ~ 5 1 x A 2 x 7 
we can extend to an S^-action on S 1 x A 2 x 7, proving (3). 

(1) is immediate from (3) if one extend (f\s l x8D 2 x{i} to an ^-action 
0i on S 1 x D 2 x {1} which is equivariant to Mi/i _j,. 

Note that a nontrivial Seifert bundle S 2 x 5 1 = 9(S' 1 x 7J> 2 x 7) — ► 
S 12 = <9(7J> 2 x 7) is essentially unique. It has two singular orbits, and 
the Seifert invariants are (a, (3) and (a, a — j5) for some a > (3 (see 
[in],p.459). Let if) be any extension of ip to an ^-action on S 1 x D 2 x 7. 
From the above argument, E*(if>) consists of a segment along which 
Seifert invariants are {n,v). Obviously F*(ip) is empty. Therefore 
Proposition 13.61 yields that ip must be equivariant to 0^ x id. □ 

Proposition 6.10. Suppose that B(jpi, r) ~ S 1 x 7J> 3 and m.j = 2. TTien 
i/iere exists a Seifert fibration fi : B^(pi,r) — > B(p,r) such that 

(1) ^ = ^ on A*(p,-;r/100,r) - Uj=i^(P<;e); 

(2) = ondBKfar); 

(3) t/ie singular fibres of fi are contained in the union of two of 
{A)(pu e)}, say, A[( Pi ; e) U Ai( Pi ; e); 

(4) the singular locus Ci of fi is a connected quasi- geodesic contain- 
ing p in its interior and consisting of essential singular points 
o/X 3 ; 

(5) the Seifert invariants of the singular fibre of fi do not exceed 

2tt 

max{L(S 6 (Sp)),L(S ?2 (S p ))}' 
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where £j ; i = 1, 2, are the directions at p represented by Ci 

Proof. Identify A^fa; e; r/100, r) ~ (S 1 x D 2 ) x /. Now we have the 
S^-action, say 0j, on A^(j>j;e) PI dB fi (p u r) = S 1 x D 2 x {1} given 
by Proposition 16.51 We also have the ^-action on (S 1 x dD 2 ) x / 
coming from the S^-bundle structure. Note that those two actions are 
compatible on the intersection S 1 x dD 2 x {1}. Using Lemma [6.91 we 
extend those ^-actions to one on S 1 x D 2 x I which is equivariant to the 
product action of the action fa on S 1 x D 2 x {1} and the trivial action 
on I. Thus we have extended the S^-bundle fa : A^^pf, r/100, r) — 
U -=i A f /( Pi - e) A(p; r/100, r) - \J k j=1 A^p- e) to a Seifert bundle /< : 
A^{pi, r/100, r) — > r/100, r). Next, extend it to a Seifert bundle 
fi : B^(pi,r) —7- B(p,r) as follows. Since m« = 2, the Seifert invariants 
of the Seifert bundle : dB(pi, r/100) — > dB(p, r/100), the restriction 
of fi, are expressed as (/ij, Vi) and — z^i). Therefore this Seifert 

bundle is isomorphic as a fibred space to the one on d(V^ uUi x J) induced 
from the product action (p^ u x id on V^ uVi x J, where V^ uUi denotes 
the fibred solid torus of type (/ij,z/j). This provides a Seifert bundle 
B(p u r/100) ->• r/100) such that 

(1) it is equivalent to the product V^ itUi x /; 

(2) the Seifert bundle structures on A^{pi\ r/100, r) and B(pi, r/100) 
are compatible on their boundaries; 

The properties (1), (2) and (3) are now obvious. 
To prove (4) and (5), we first show 

Assertion 6.11. There exist r = r(p) > and e = e(p) > such 
that dB(p,s) n Aj(p;e) contains an essential singular point for each 
< s < r and j G {1, 2}. 

Proof. Suppose that A(p;si,S2) fl Aj(p;e) does not meet ES(X 3 ) for 
some si < s 2 < r. Then A^pf, e; si, s 2 ) has an ^-bundle structure 
compatible with /j. This is a contradiction to Lemma [6.91 □ 

Assertion 6.12. There exist r = r(p) > and e = e(p) > such that 



\d P (y) - d p (x)\ 



> 1 - r(r) 



d(x,y) 

for any x, y G ES(X 3 ) fl Aj(p; e) y sufficiently close to x and for 
each j G {1, 2}. 

Proof. Suppose the assertion does not hold. Then there would exist 
sequences x i7 yi of ES(X 3 ) fl Aj(p; e,) with r = r^ — )■ and 6j — >■ such 
that 

(1) 

\dp{yi) - d p (xi)\ _ 



d(xi,yi) 
for some /i > 0; 
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(2) Si := d(p,Xi) — > and d(xi 1 y i )/si — > 0. 
We may assume that (^X 3 ,Xi) converges to a space (Y 3 ,Xoo), where 
Y 3 is isometric to the tangent cone K p . Putting q = d(xi,yi), we 
consider any limit (Y 3 , Xoo) of another rescaling (j-X 3 , Xj), where Y 3 is 
isometric to a product R x Y . Let denote the limit of under this 
convergence. Since Xqo, y^ G ES(Y 3 ), and since ^(aioo) 7^ ^(jjoo), where 
Ti : F 3 — )■ lo is the projection, Yo contains two essential singular points 
with distance, say a < 1. Thus Yo must be isometric to the double 
-D([0,a] x [0,oo)). In particular, dimF(oo) = 1 while dimY(oo) = 2. 
This contradicts Lemma [4.41 □ 

From Assertions lOTl and 1021 ES(X 3 ) n (At(p; e)UA 2 (p; e)) defines 
a continuous curve, denoted C p , through p, such that T, X (C P ) contains 
at least two elements for any x G C p . Therefore C p is a quasigeodesic by 
Proposition 15.71 Obviously we can arrange the fibre structure defined 
by fi so that the singular locus Ci of fi coincides with C p . (5) follows 
from Proposition 16. 51 This completes the proof of Proposition [6JIJJ □ 

Now we consider the other case. 

Case II. B(p t ,r)~D 4 . 

In this case, by [32], the Seifert bundle fi : dB^(pi,r) ~ S 3 — > 
dB(p,r) ~ S 2 is actually given by an ^-action equivariant to the 
restriction of a canonical action ip ai b t on -D 4 (l) to S 3 (l) = <9_D 4 (1) for 
suitable relatively prime integers a^, fej. From Lemma 13. 5[ the Seifert 
invariants of fi : S 3 — > S 2 have forms (aj, a'j) and (bi, b^) with 



Oj bi 
a' b' 



±1. 



Proposition 6.13. Suppose B(pi,r) ~ D A . Then 

(1) p is an extremal point of X 3 ; 

(2) there is an iq such that for every i > i we have a locally smooth 
S 1 -action ipi on B^(p iy r) extending fi such that the Seifert bun- 
dle fi : A^(pi] r/100, r) — > A(p; r/100, r) given by ipi satisfies 
the following: 

(a) fi = fi on A* fa r/100, r) - |J- =1 A* to ^ r / 100 > r )/ 

(b) i/ie singular locus of fi (if it exists) extends to a continuous 
quasi- geodesic Ci containing p. Ci is contained in the union 
of at most two of Aj(p; e) 's, and consisting of essential sin- 
gular points of X 3 ; 

(c) ipi is equivariant to the canonical action ip ai ,bi for some 
relatively prime integers and bi, where 

2tt . 2tt 

laA < r/v , j= \bi\ < 



L(E €l (E P ))' 1 J| -L(S 6 (E P ))' 
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for some £1 7^ £2 and at least one of them is a direction of 
Ci at p, and the other is another direction of Ci if it exists. 



Proof. (1) follows from Proposition 16.31 (2)-(a), (b) are similar to 
Proposition 16.101 (2)-(c) follows from an argument similar to Proposi- 
tion EE □ 

7. Collapsing to three-spaces without boundary- 
global CONSTRUCTION 

Let a sequence of closed orientable 4-dimensional Riemannian man- 
ifolds Mf with K > — 1 converge to a 3-dimensional compact Alexan- 
drov space X 3 without boundary. By Fibration Theorem 11.21 we have 
a locally trivial 5 1 -bundle /, : M[ — > X 3 — Ss 3 (X 3 ) which is an ej- 
approximation, lim^oo e$ = 0, where M[ is an open subset of Mf. The 
purpose of this section is to construct a globally defined locally smooth, 
local S^-action on Mf. 

Theorem 7.1. Suppose that Mf collapses to a 3- dimensional compact 
Alexandrov space X 3 without boundary under K > —1. Then there ex- 
ists a locally smooth, local S 1 - action ipi on Mf satisfying the following: 

(1) Mf/ipi ~ X 3 ; 

(2) We have an inclusion F*(ipi) C Ext(X 3 ); 

(3) For each x a G F*{ipi), there are pf G Mf close to x a and 
r a > independent ofi such that B^*{pf,r a ) is ipi-invariant and 
(B^(pf, r a ), tpi) is equivariantly homeomorphic to (D A (1), if) ai bi) 
for some relatively prime integers a,i, 6, satisfying 

N < -7-, \bi\ < 7-, 

<-l <-2 

where l\ and £2 ore described as in Proposition \b.ltA (2); 

(4) Each connected component Ci C X 3 of the singular locus S*(ipi) 
is either a periodic quasi- geodesic in X 3 — F*(ipi) or a quasi- 
geodesic path or loop in X 3 connecting some points of F*{tpi); 

(5) The order of the isotropy subgroup along every component Ci of 
the exceptional locus E*(ip) does not exceed 

inf - — -, 

where £ x is a direction at x defined by Cj. 

Remark 7.2. Theorem 17.11 (2) means that for any fixed point pf G 
Fix(^), there corresponds a unique extremal point x a G Ext(X 3 ) 
which is Gromov-Hausdorff close to pf. 

Example 7.3. For relatively prime integers a, b, let us consider the 
restriction of the canonical action ifj a t> on D A (l) to 5 3 (1). This nat- 
urally extends to an isometric S^-action ip ajb on S^l), the spherical 
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suspension over 5' 3 (1), with two fixed points, say x\ and x 2 . Let X 3 be 
the quotient space S 4 (l)/ip a fi, which is the spherical suspension over 
S 3 (l)/ipa t b ~ S 2 . By [16], we have a sequence of metrics $ on S 4 such 
that 

(1) the sectional curvature K g . has a uniform lower bound; 

(2) (S*,gi) collapses to X 3 . 

Note that 

(3) the diameters of the spaces (say E) of directions at the poles of 
X 3 are both equal to 7r/2; 

(4) E has at most two singular points, say £, rj, realizing the diam- 
eter of it, where 

L(E $ (E) = 2n/\a\, L(E 7? (E) = 2tt/|6|. 

The singular locus S*(ip at b) of ip a ^ is a simple closed loop (resp. a 
simple arc) joining the two poles if \a\ > 2 and |6| > 2 (resp. if just 
one of |a| and |6| is greater than 1). 

Example 7.4. Consider the ^-action ip on CP 2 given by 

z- [zq : Zl : z 2 ] = [z a °z : ^ : z a *z 2 ], 

for suitably chosen integers a%, < « < 2. We assume that a^+i — aj and 
ctj+2 - CLi are relatively prime, where i is understood in mod 3. Note that 
F*(ip) consists of x = [1 : : 0], x x = [0 : 1 : 0], and x 2 = [0 : : 1]. 
The action ip induces actions equivariant to the canonical actions of 
type (a i+ i — aj,a i+2 — aj) on a neighborhood of Xj. For an invariant 
metric g on CP 2 , take a sequence of metrics g^ on CP 2 such that 

(1) the sectional curvature K g . has a uniform lower bound; 

(2) (CP 2 ,^) converges to the quotient space X 3 = (CP 2 ,g)/S 1 . 
Note that 

(3) diam(E Si ) = tt/2, where Xi G X 3 is the image of Xi under the 
projection CP 2 — > X 3 ; 

(4) E 5 - has exactly two singular points, say £^+1, £i,i+ 2 realizing 
the diameter of E 5 ., where 

L ( S ?m+i( S ^)) = 2n /\ a i+i - a il L ( E ^i+2( S sJ) = 27r/|a i+2 - 
Now suppose a = for instance. Then the singular locus S*(ip) is a 
simple arc joining Xi and x 2 through x . If a i+1 — ai and a i+2 — di are 
relatively prime for every % in mod 3, then C is a simple closed loop 
joining x , Xi and x 2 . 

Example 7.5. Let ^(ljcCxl be the unit sphere and consider the 
S^-action ip on S 2 (l) x S 2 (l) given by 

z • (zi,ti, z 2 , t 2 ) = {z a zi,ti, z h z 2l t 2 ), 

for relatively prime integers a and b, where z% G C, t% G R, % = 1, 2. 
The action ^ induces actions equivariant to the canonical actions of 
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type (a, b) on a neighborhood of each of the four fixed point of ■0, up 
to orientation. We can take a sequence of metrics g>j on S' 2 (l) x S' 2 (l) 
such that 

(1) the sectional curvature K g . has a uniform lower bound; 

(2) (S 2 (l)xS 2 (l), Qi) converges to the quotient space X 3 = (S 2 (l)x 
S 2 (l))/S\ 

Note that X 3 is an Alexandrov space with nonnegative curvature hav- 
ing no boundary. The singular locus S*(ip) consists of (i) a simple loop 
joining those four fixed points if \a\, \b\ ^ 1, (ii) two segments joining 
those four fixed points if just one of \a\ and |6| is equal to 1, (iii) those 
four fixed points if both \a\ and |6| are equal to 1. 

In view of Examples I7.3[ 17.41 and I7.5[ taking connected sum around 
fixed points, we can construct an ^-action on every connected sum of 
S 4 , ±CP 2 and S 2 x S 2 whose orbit space X 3 has no boundary. 



Proof of Theorem 7.1. Recall that for each p G ^(X 3 ), there are suf- 



ficiently small e = e p > and r = r(p, e) > for which we have a 
locally smooth S^-action ip Pti on B^^pi, r) for sufficiently large i, where 
Pi G Mf is close to p. To prove Theorem l7.lt we patch those S^-actions 
and a local ^-action defined by fi to obtain a globally defined locally 
smooth, local S^-action. Note that if p is an isolated point of £53 (X 3 ), 
we have nothing to do for the patching. 

For any non- isolated point p of Ss 3 (X 3 ), let e = e p and r = r(p, e) be 
so small that 

(1) {Aj(p;e)} j=li ... Mp ) covers B(p,2r) n ^(X 3 ), where Aj(p;e) = 
B(pxi , er) D B(p, 2r) is defined as in the previous section; 

(2) (Ajip; e) - Aj(p; e 10 )) n A(p; r/100, 2r) does not meet ^ 3 (X 3 ); 

(3) {Ajip; e) - B{p, e/lOO)}^ is disjoint. 

From the compactness of S$ 3 (X 3 ), take p 1 , . . . ,p N such that Ss 3 (X 3 ) C 
U a =i B(p a , r a /3), where r a = r(p a ,e a ) and e a are defined as above. 
We assume that r x > r 2 > • • • > r N . Note that if c?(p a ,p^) < r a /3 with 
a < f3, then B(p a ,r a ) D B(jr ,rp/3). Hence considering the covering 
{B(p a , r a )} of S$ 3 (X 3 ) in stead of {B(p a , r a /3)}, and removing some 
of {r 2 , . . . ,ttv} if necessary, we may assume that B(p a ,r a /3) does not 
contain p 13 for every l<a</3<N — 1. In particular, {B(p a , r a /6)} 
is disjoint. 

Let pf G Mf be a point close to p a . By Fibration Theorem 11.21 
we have an S^-bundle structure Ti on f~ x {X 3 — Ss 3 (X 3 )) C Mf. On 
each B^{pf,r a ), we have the structure Sf of locally smooth ^-action 
ip p a ti given by Proposition 16.101 or 16. 131 We have to patch all of those 
structures T{ and Sf together to obtain a globally defined structure on 
Mf of locally smooth, local S^-action as stated in Theorem 17. 11 
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Let A ja (p a ;e a ), A ja (p a ; e x ; n), . . . , 1 < j a < fc(p Q ), be as defined 
right after Lemma [6.71 for p a . Now we are going to patch Ti, Sf and 
«Sf assuming A, a (p a ; e Q ; r a )rLA,-_ (p^; e^; rp) to be nonempty with a < (3. 

If Aj a (p a ; e a ; r a ) H Aj.(jpP; ep\ r^) does not meet S^X 3 ), there is no 

need to patch ipp a ,i an d i> p P,i on the intersection B^{pf, r a )P\B^{p^ , 77?). 
Hence assume that there is a point x in the intersection of Aj a (p a ; e a ;r a ), 
AjpiP^'i^rp) and S Sa (X 3 ). 

We consider the following two cases depending on the value Zxp a p 13 . 

Case I. Zxp a p lS > e a /2. 

Then p 13 must be contained in some A ka (p a ; e a ; r a ) with k a ^ j a . 
Extending the S^-action on B^(p a , r a ) to one on m a sim- 

ilar way, we can borrow the S^-action structure on B^(p a ,2r a ) as a 
compatible 5 ,1 -action structure on Aj„(jr; ep; rp). See Figure 2 




Figure 2. 

Case II. ZxpV 3 < e a /2. 

In this case, we actually have p' 3 G A, a (p a ; e*°; r a ) if d^XjP 13 ) < 
e a r a , then taking r a slightly larger if necessary, we may assume that 
B^(Pi j r /?) C B^(pf, r a ). Therefore we can remove /3 from {a}, and we 
may assume d{x,jr) > e a r a . It follows that Zp a xp 13 is sufficiently small 
or sufficiently close to it. In the former case, taking r a slightly larger 
if necessary, we may assume that B^(j^,rp) C B^{pf,r a ). Therefore 
we can remove f3 from {a} as before. In the latter case, assuming 
toJa > £prp (the other case is proved similarly), we have 

A£(pf; e^/lOO,^) nintfl*(p?,r a ) C int A£ (pf; 2e a ; r a /100, r a ). 

See Figure 3. 

We perturb «Sf to a new locally smooth ^-action <$•* on Aj* (p"; 2e a ; r a /100, 
, ra) as follows: we let coincide 
• with <Sf on A£(pf ; 2e«; r a /100, r Q ) n A^(pf ; e^; r^/100, r^) and 

46 



Figure 3. 



• with Ti on the complement of A^ Opf?] ep; rp/100, rp) in Aj' a (pf; 
2e a ;r a /100,r a )nS^(pf,r^). 
Note that this is well-defined. Using 

A£(p?;2e a ;r a /100,r a ) -int^(/,r^) ~ (S 1 x D 2 ) x I, 

together with lemma 16. 9| we can extend <S" to a locally smooth S* 1 - 
action on the complement of (pf, rp) in Aj a (pf ; e a ; rc/lOO, r a ), which 
is compatible with <Sf on {d p « = r a /100} fl A^* (p"; e a ; r a /100, r a ). 
Thus we obtain the required locally smooth ^-action on the union of 
Aj a (jpf; 2e a ; r a /100, r a ) and A^(pf ; ep] rp/100, rp), which is compatible 

with <Sf , J"i and <Sf . Repeating this local patching procedure finitely 
many times, we obtain the global collapsing structure and complete 
the proof of Theorem 17.11 □ 



8. Collapsing to three-spaces with boundary 

In this section, we consider the situation that a sequence of closed 
orientable 4-dimensional Riemannian manifolds Mf with K > — 1 con- 
verge to a 3-dimensional compact Alexandrov space X 3 with boundary. 
We construct a globally defined locally smooth, local S^-action on Mf 
to complete the proof of Theorem 10.21 

Theorem 8.1. Suppose that Mf collapses to a 3- dimensional compact 
Alexandrov space X 3 with boundary under K > —I. Then there exists 
a locally smooth, local S l -action ipi on Mf satisfying the following: 

(1) Mf/^-X 3 ; 

(2) F*(ipi) coincides with the union ofdX 3 and a subset o/Ext(int X 3 ) ; 
say {x Q } Q= i i ... jfc ; 

(3) For each 1 < a < k, there is an r a > independent of i such 
that if pf G Mf denotes the ipi- fixed point corresponding to x a , 
then B^(pf, r a ) is ipi-invariant and (B^(pf, r a ),ipi) is equivari- 
antly homeomorphic to (D A (l),ip a .^.) for some relatively prime 
integers aj,6j satisfying 

2vr . 2vr 
where i\ and £ 2 ore described as in Proposition \6.13\ 
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(4) Each connected component Ci of the singular locus of ipi in 
intX 3 is either a periodic quasi- geodesic in intX 3 — {x a } or a 
quasi- geodesic path or loop in intX 3 connecting some of {x a }; 

(5) The order of the isotropy subgroup along every component Ci of 
the exceptional locus E*{ip) does not exceed 



where £ x is a direction at x defined by Cj. 

Example 8.2. Let us consider the ^-action ip on S 4 = D 3 x S 1 U 
S 2 x D 2 , where S 1 acts canonically only on ^-factors and P 2 -factors of 
D 3 x S 1 and S 2 x D 2 respectively. Then S 4 /i) = D 3 and Fix(V>) = dD 3 . 
Fixing a -^-invariant metric g on S 4 , by [45], we have a sequence of 
metrics g>j on S 4 such that (S 4 ,gi) collapses to (S 4 ,g)/ip under a lower 
sectional curvature bound. 

Example 8.3. Consider the P 2 -bundle S 2 X-iD 2 over S 2 with the 
Euler number —1 and choose a fibre metric on S 2 x_iD 2 whose fibre is 
isometric to the unit disk D 2 (l). Let us consider the S^-action ip on 
CP 2 = D 4 (l) U 5 3 S 2 x_ 1 D 2 such that the action of ip coincides with 
the canonical action x/j^i on D 4 (l) and ip acts on each S 2 x_iS 1 (r) C 
S 2 x_ 1 D 2 , < r < 1, as the Hopf fibration. Then F(ijj) is the disjoint 
union of the origin of D 4 (l) and the zero-section of S 2 x_ 1 D 2 , and 
CP 2 /ip ~ D 3 . For an invariant metric g on CP 2 , we obtain a sequence 
of metrics Qi on CP 2 such that (CP 2 , gi) collapses to the quotient space 
X 3 = (CP 2 , g)/if) under a lower sectional curvature bound. 

Example 8.4. Let us consider the S^-action on S* 2 x S 2 such that S* 1 
acts only on one S^-factor. Then S* 2 x S 2 /S 1 = I x S 2 and the fixed 
point set is the disjoint union of two copies of S 2 . For an invariant 
metric g on S 2 x S 2 , we obtain a sequence of metrics gi on S 2 x S 2 
such that the sectional curvature K gi has a uniform lower bound and 
(S 2 x S 2 ,gi) collapses to the quotient space X 3 = (S 2 x S 2 ,g)/S 1 . 

In Section we have constructed S^-action on every connected sum 
of S 4 , ±CP 2 and S 2 x S 2 whose orbit space X 3 has no boundary. In 
view of Examples 18.21 18.31 and 18.41 together with the construction in 
the previous section, taking connected sum around fixed points, we 
can construct an S^-action on every connected sum of S 4 , ±CP 2 and 
S 2 x S 2 whose orbit space X 3 has nonempty boundary. 

Let us go back to the situation of Theorem 18.11 Take a small v > 
such that X 3 — X 3 provides a collar neighborhood of <9X 3 (Theorem 
I5.14p . By Theorem 17. 1[ we obtain a closed domain M 4 X of Mf such 
that 

(1) it collapses to X 3 ; 
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(2) there exists a locally smooth, local S^-action on Mf { such that 
MfJS 1 ~ X*. 

Let Mf denote the closure of Mf — Mf v The rest of this section is 
almost devoted to prove 

Theorem 8.5. Mf is homeomorphic to a D 2 -bundle over dX 3 com- 
patible with the S l -bundle structure of dMf { induced from the local S l - 
action on M^. 

From Theorem 18.51 Mf is a gluing of Mf t equipped with the local S 1 - 
action and a .D 2 -bundle over dX 3 , where the S' 1 -orbit over a point x G 
dX 3 is identified with the boundary of the D 2 -fibre over x. Therefore 
it is straightforward to construct a desired globally defined, locally 
smooth, local S^-action on Mf satisfying the conclusions of Theorem 

A key in the proof of Theorem 18.51 is the following lemma. 

Lemma 8.6. (1) For a point p G dX 3 , take pi G Mf with pi — > 
p. Then there exists a positive number ro such that B(pi,r) is 
homeomorphic to D 4 for every r < ro and each sufficiently large 
i > io, where io = io(r); 
(2) There are no singular orbits over dX 3 , namely dMf { is an S 1 - 
bundle over dX 3 . 

By Theorem 14.121 
(8.1) B( Pl ,r)~D 4 or S 1 x D 3 . 

We have to exclude the second possibility in (18. ip . 

Choose a 5ir-net iV(fo) of A(p; r/10, 2r)P\dX and take a finite subset 
Ni(Si) C Mf converging to iV(fo), and suppose that da H (Mf,X 3 ) < e,i 
and 6i <C 5±r. 

Consider a smooth approximation 

ft = diNiiSi), ■ ). 

Since / := d(N(5i), ■ ) is regular on for/100, for ]), where fo <C 
fo <C 1, fi is also regular on ff ([for/100, for]). 

Sublemma 8.7. There exist positive numbers v and r with v <C r 
such that for any sufficiently large i > i(u,r) we have a closed domain 
Mi(pi,r,u) satisfying 

(1) Mi(j)i,r,i/) converges to A(p;r/10, 2r) C\ X 3 under the conver- 
gence Mf ->> X 3 ; 

(2) Mi(pi,r, u)r\dB(pi,r) is homeomorphic to a Seifert bundle over 
dB(p,r) n X 3 ~ D 2 having at most one singular orbit; 

(3) Mi(pi,r, v) is homeomorphic to (Mi(pi,r, v) fl dB(pi,r)) x /. 

Proof. Take v > such that hit £ p — (Sp)^ does not meet Ss 3 (J^ p ). 
Then in view of the convergence (^X 3 ,p) — » (K p ,o p ) as r — > 0, we 
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have such an r > that A(p; r/10, 2r) D (X 3 10j , — X 3 r ) does not meet 
Ss 4 (X 3 ) for any r < r . Note that d p . GH {{\M?, Vi ), (K p , o p )) < e' r + €i/r 
with linij-^o 4 = 0, lim^oo ej = 0, and that S p satisfies the assumption 
of Lemma I5.4L Hence if r is sufficiently small and i is sufficiently large 
i > i(r), Theorem 17.11 applied to A(o p ; 1/10,2) fl (K p ) u gives a closed 
domain Mj(pj,r, v) satisfying (1) and (2). 

Using /j-flow curves, we can slightly deform Mi(pi,r, v) to a closed 
domain M-(pi, r, v) in such a way that it is <i pr flow- invariant. Therefore 
M[{p^r,v) is homeomorphic to (M-(pi, r, v) fl dB(pi,r)) x J, yielding 
(3). ' " □ 

Putting Mf{pi, r, z/) to be the closure of A(pf, r/10, 2r) —M^pi, r, z/), 
we next investigate the topology of Mf (pi, r, v) fl dB(pi, r). 
In a way similar to Sublemma 18.71 (3), we obtain 

M?(p h r, u) n A(pij r/5, r) ~ (Aff (p i} r, i/) n dBfo, r)) x /. 

Sublemma 8.8. Mf(j)i,r,u) fl dB(pi,r) is a D 2 -bundle over dX u fl 
dB(p,r) ~ S* 1 which is compatible with the S 1 -bundle over dX v fl 
dB(p, r) induced from the fibre structure on Mj(pj, r, z/) fl dB{p il r). 
In particular Mffa, r, z/) fl dB(pi, r) is homeomorphic to D 2 x S 1 . 

Proof. For a small ei > we take finitely many points £i, . . . ,£jv of 
<9£ p satisfying 

(1) £j is adjacent to Ci-ij 

(2) L(E^(E p )) > 7r — ei for any element £ of the complement of 
{6, • • - ,&v} in <9S p ; 

(3) there exist positive numbers 62 <C £3 <C 1 such that 

(a) for every £ G £>(£,, £3), there exists some 77 G S p with 
Z^j^T] > tt - ei, 

(b) • 1 > 7T - ei forevery £ G 5 2 ) - S 3 ) - 
-B(£j + i, <5 3 ), where is the minimizing arc joining £j 
and £j+i in <9£ p ; 

In view of the convergence (^X 3 ,p) — )■ (iT p , o p ), r — )■ 0, we find a small 
r and a finite set {x 1 , . . . ,x N } C dB(p, r) fl <9X 3 ~ S 1 such that 

(1) x- 7 is adjacent to a? 3 ' -1 ; 

(2) there exists a sufficiently small positive number £ 4 <C <5 3 such 
that 

(a) d GH (X x (X 3 ),D 2 + (l)) < r(e0 for any a; G 9S(p,r) n <9X 3 
in the complement of 5 4 r-neighborhood of {x 1 , . . . , x N }, 
where -D+(l) C 5' 2 (1) denotes a closed hemisphere; 

(b) for every y G ^(a/ 7 ; 5 4 r, <5 3 r) fl dB(p, r), there exists z G X 3 
with Zxiyz > n — r(ei); 

(c) Zx^xx^ 1 > 7r — r(ei) for every point x G B(x^x^ +1 , ^r) — 

B(x\ 5^r) — B(x^ +1 , S^r), where is a minimizing arc 

in dX 3 fl dB(p, r) joining x J and 
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Take the points {y 1 , . . . , y N } C dB(p,r/2) with yi G pxK Let us 
assume b\ <C <5 4 . Taking G M 4 with x\ — > x J and y\ — > yi under 

the convergence Mf — > X 3 , consider the closed domains of Mf 

Bl = K v < 5 2 r} n {r/2 < 4 < r}. 

Let Aj denote the domain on dX 3 bounded by xixi +1 , x^ +1 y^ +1 , yiyi +1 
and y^xK Let C[ be a compact domain of Mf which converges to 
B(Aj, 5 2 r), Ci the closure of C[ — B\ — B\ + , and iVj the closure of 
<?C — B| — B| . Applying Fibration Theorem 11.21 to a neighborhood 
of {c?(Aj, •) = 5 2 r}, we can take such C[ that for every x G [B\ U 

B} +1 )nNi 

I Zfofc), - tt/2 | < r(r) + r(5 3 ) + r(5 3 \5 2 ) + r(5 2 , 5^), 

where £i and £2 denote the unit normal vector fields to d(Bf U Bj +1 ) 
and Ni respectively. Thus both dB\ and dBi +1 meet N transversally, 
and therefore B\ n N n 9S(p i9 r) ~ 5 1 , F/ +1 n iV, n 9S(p<, r) ~ S 1 . It 
follows that 

Ni ~ S 1 x / x J, iVj n 5/ ~ S 1 x /, Ni n F/ +1 ~ S 1 x J. 

We next show Cj ~ FA Consider the functions fi, 

9i = d(xlyf, - )-d(xl +1 yl +l , •), 

and d Pi . Note that the gradient of fi is almost perpendicular to N and 
that Qi is regular on Cj. Set F = /r ([0, 5 2 r/2 ]) fl f?^ 1 (0) and denote 
by Hi the set consisting of all flow curves of the gradient of #j contained 
in Ci through F. Clearly, 

Hi-FiX I. 

Since the gradient of fi is almost perpendicular to that of Qi on {fi > 
5 2 r /100} D Ci, it follows that <9(F n dB{p h r)) ~ 5 1 . Note also that 
Fj is topologically a product F ~ (F H dB(pi,r)) x I. It follows from 
the generalized Margulis lemma ([20]) that 7i"i(Fj) ~ iri(Hi) is almost 
nilpotent, and therefore by the orientability, F; ~ D 2 x I. 

It is easy to construct a smooth vector field Vi on a neighborhood of 

— i/j such that 

(1) Vi = grad/j outside a small neighborhood of dB\ U dB? + , 

(2) 7< is tangent to d5f U dB{ +1 , 

(3) /j is strictly decreasing along the flow curves of Vi. 

Thus we have 

(8.2) d-H.-D 2 x I x I. 

Next we show that B\ ~ D 3 x I. For the points x\ and x{~ 1 we 
construct a compact domain C in the same way as the construction 
of Ci. From Fibration Theorem [OJ (<9F- - C - C) n dB(p i: r) ~ 
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S 1 x J, which together with ( 18. 2 p determines the topological type of 
the boundary of the 3-manifold B\ fl dB(pi,r) as: 

(8.3) d(Bf n &Bfe, r)) ~ D 2 U (S 1 x/)UD 2 - S 2 . 
It follows from Lemma 14.91 that 

(8.4) B{ n 9S(pi, r) ~ E/^fa, ~ -D 3 . 
From the standard critical point theory for d u 

X i 

M°( Pl} r, 5 2 r) n U hr {p h xf) - D 3 . 

Now we have a locally flat embedding fi : S 2 = D 2 U (S 1 x /) U 
-D 2 ->■ M/ such that ifi(S 2 ) = d(M?(p i} r } 5 2 r) n ^(p,-, a^')) which 
lies in the interior of some 3-dimensional submanifold homeomorphic 
to D 3 and containing M®(pi,r, 5 2 r) fl U$ 3r (pi, x?) . By the Schoenfhes 
theorem, it extends to an embedding : D 2 x J — > Mf such that 
Fi(D 2 x J) = M®(pi,r,52r) fl Us 3r (pi,xi)- This provides a compatible 
_D 2 -bundle structure on Mf (p i; r, (^^rW^Qoj, ) over 9Xn[/j 3r (p, x- 7 ). 
Thus Aff (p^ r, <5 2 r) n dB( Pi , r) is a compatible _D 2 -bundle over dX 3 fl 
dB(p,r) ~ if? 1 , and we conclude that 

M?( Pi , r, <5 2 r) n dfife, r) ~ S 1 x D 2 . 

□ 

Proof of Lemma \8.b\ From Sublemmas 18.71 and 18. 8[ 8B{p i) r) is home- 
omorphic to a gluing S 11 x D 2 U Si(D 2 ) along their boundaries, where 
Si(D 2 ) denotes a Seifert bundle over D 2 having at most one singular 
orbit and {x} x 3D 2 C S 1 x D 2 is glued with the regular fibre of Si(D 2 ) 
over x G <9-D 2 . Thus dB(pi,r) is homeomorphic to either S 3 or a lens 
space L(fiijUi), where 7^ 0, or equivalently L{p,^Vi) is not home- 
omorphic to 5 1 x S 2 . Therefore in view of (I8.ip . dB(pi,r) must be 
homeomorphic to S 3 and B(pi,r) ~ D 4 . In particular Si(D 2 ) has no 
singular orbits. This completes the proof of Lemma 18.61 □ 

Proof of Theorem \8.5[ We proceed in a way similar to that of Theorem 
17.11 as follows. Let v be a small positive number and £3 > be as in 
Fibration-Capping Theorem II .21 Let Y be a closed domain of Rf 3 (X 3 ) 
which approximates Rf 3 (X 3 ) in the sense that B(Y, jj) D Rf s (X 3 ) with 
\l <C v. Applying Theorem 11.21 to Y, we have a closed domain M™ p C 
M 4 and a map /j iCa p : Af^ p — » d Y v such that 

(1) /i )Cap is a Tj-approximation with limrj = 0; 

(2) /j,cap is a locally trivial _D 2 -bundle compatible with the S 1 - 
bundle structure, say f) i; on dM* { , in the sense that the bound- 
ary of f^ca, P ( x ) coincides with the orbit coming from for each 
x E d Y u . 
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Next we construct a local _D 2 -bundle structure at each point of dX u 
extending /j )Cap . The following lemma follows from the convergence 
(-X 3 ,p) — > (K p ,Op) as r — » and the finiteness of Ss(D(E p )) for any 
5> 0. We put S£(X 3 ) := X 3 - Rg(X 3 ). 

Lemma 8.9. For any p G dX 3 (1 S® 3 (X 3 ), there exist a positive integer 
k = k{p), positive numbers e = e p > and r — r(p,e) > such that for 
some x 1 , . . . , x k G dB(p, lOr) D dX 3 and for sufficiently small v 

(1) B(p, lOr) n (dX 3 - <(X 3 )) C U-=i B(jkc3, er); 

(2) (B(px j , er)-B(px j , e l0 r))nA(p; r/100, lOr) does not meet S^{X 3 ) 
for each 1 < j < k; 

(3) {B{pxi , er) fl A(p; r/100, 10r)}j zs disjoint] 

(4) B{px^,er) fl v4(p; r/100, lOr) fl <9X 3 bounds a topological disk, 
say Aj(p), for each 1 < j < k\ 

(5) A(p; r/100, lOr) n dX 3 does not meet S 5:i {X 3 ) 

Here we need 

Theorem 8.10 (Generalized Shoenflies Theorem^]). Let f : S 3 — >■ 

1R 4 be a locally flat topological embedding in the sense that there is a 
topological embedding F : S 3 x (—1,1) — > M 4 with F(x,0) = f(x). 
Let E C M 4 denote the compact domain bounded by f(S 3 ), and let 
S 3 = D 2 x S 1 U S 1 x D 2 be the canonical identification. Then there 
exists a homeomorphism H : D 2 x D 2 — > E extending f . 

Put I r := Aj(p) D dB(p,r). We have a Z) 2 -bundle structure over 
dl r given by /j iC a P , and an S' 1 -bundle structure over I r given by f)j. 
By (18. 4p and the Generalized Shoenflies Theorem for M. 3 , those two 
structures extends to a trivial _D 2 -bundle structure over J r , on some 
three-dimensional compact submanifold, which is Gromov-Hausdorff 
close to a compact domain of dB{p i) r). Similarly we have a compati- 
ble _D 2 -bundle structure over J r /ioo, on some three-dimensional compact 
submanifold, which is Gromov-Hausdorff close to a compact domain of 
dB(pi, r/100). On the other hand, we have a _D 2 -bundle structure over 
d(Aj(p) n B(p,r)) - dB(p,r) - dB(p, r/100), given by /j jCap , and we 
have an S^-bundle structure over Aj(p) fl B(p,r) given by f)j. Since 
these two structure are compatible on the intersection, by Generalized 
Shoenflies Theorem I8.10[ these extend to a trivial _D 2 -bundle struc- 
ture over Aj(p) fl B(p,r) for each 1 < j ' < k. This also provides 
a _D 2 -bundle structure over dB(p, r/100) fl dX 3 , which extends to a 
trivial _D 2 -bundle structure over B (p, r/100) fl dX 3 again by General- 
ized Shoenflies Theorem 18.101 Thus we have constructed a _D 2 -bundle 
structure over dX 3 fl B(p,r) which is compatible with /^cap- 
In a way similar to the global patching argument constructing a 
globally defined local ^-action in Section [TJ one can patch those local 
D 2 -bundle structures compatible with /i jCa p and ()j to obtain a globally 
defined _D 2 -bundle structure over dX 3 compatible with /j jCap and 
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Note that here we use Theorem 18.101 in place of Lemma 16.91 Since 
the patching argument is almost parallel, the detail is omitted. This 
completes the proof of Theorem 18.11 □ 

Proof of Corollary \U.5\ Let Mf be as in Corollary 10.51 By Theorem 
10. 2] we have a locally smooth, local ^-action on Mf. Since Mf is 
simply connected, this local S^-action is actually a global S^-action on 
Mf. According to Fintushel [16] together with Freedman (see [18]). 
Mf is homeomorphic to a connected sum 

(8.5) ^ 4 #^CP 2 #£ l (-CP 2 )#m J (5 2 x S 2 ). 

Note that X 3 is simply connected, and hence each connected compo- 
nent of dX 3 is a sphere. It follows from the formula x[F(if)i)) — x{Mf) 
(see Theorem 10.9 in [3J) that 

ki + £i + 2m; + 2 < #Ext(int X 3 ) + 2a (<9X 3 ). 

□ 

Remark 8.11. Let Mf be as in Corollary 10.51 By (18.51) . there exists a 
locally smooth T 2 -action on Mf. By [33], this action can be reduced to 
a smooth action, and again [33J implies that Mf is diffeomorphic to the 
above connected sum. Furthermore we have a sequence g^, j = 1, 2, . . . 
of metrics on Mf such that (Mf,g i:j ) collapses to the quotient space 
(Mf, gi)/T 2 under a uniform lower sectional curvature bound, where gi 
is a T 2 -invariant metric on Mf. 

9. Classification of collapsing to noncompact 
three-spaces with nonnegative curvature 

Let a sequence of pointed complete 4-dimensional orientable Rie- 
mannian manifolds (Mf,pi) with K > — 1 collapses to a pointed com- 
plete noncompact 3-dimensional Alexandrov space (Y 3 ,yo) with non- 
negative curvature. In this section, using the results of Sections [7] and 
[HJ we classify the topology of a large metric ball B(pi,R) in terms of 
geometric properties of Y 3 . The classification result will be used in the 
subsequent sections of Part [1] to describe the phenomena of orientable 
4- manifolds collapsing to spaces of dimension < 2. 

Let 

Y D C(0) D C(l) D ••• D C(k), 

be a sequence of nonempty compact totally convex subsets of Y as 
in Section [2J Applying Theorem 10.21 to the convergence (Mf,pi) — > 
(Y, 7/o ), we have a locally smooth, local 5 x -action ipi on B(pi, R) whose 
orbit space is homeomorphic to B(yo,R), where R is a large positive 
number. Actually, we have such a local S^-action on a small perturba- 
tion of B(pi, R), which is homeomorphic to B(pi, R). Let F* := F*(if)i), 
E* := E*{il>i), S* := S*^) and d := S* - dY . We denote by 
7Tj : B(pi,R) — > B(y , R) the orbit map. 
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Let £i denote the number of components of E* homeomorphic to a 
circle, and rrii the number of components of E* homeomorphic to an 
interval whose closure does not meet F*, and n; the number of elements 
of F* n int Y. 



Theorem 9.1. We have the following classification of the topology of 
B(pi,R) in terms of l i} rrii, and the geometric properties ofY: 

Case A. Y has no boundary. 



I. Suppose dimS* = 2, yielding dimy(oo) = 0. Then B{p i) R) is 
homeomorphic to an I-bundle (resp. a trivial I-bundle) over 
Si(S), a Seifert bundle over S {resp. if S ~ S 2 ). 
II. Suppose dimS* = 1. 

(1) //dimF(oo) > 1, then B(pi,R) is homeomorphic to a D 2 - 
bundle over T 2 or K 2 ; 

(2) //dimF(oo) = 0, then B(pi,R) is homeomorphic to either 
one of the spaces in II -(I) or an I-bundle over S^^xK 2 , a 
K 2 -bundle over S 1 ; 

III. Suppose dimS* = 0. 

(1) 7/dimC(0) = 0, then rii < 1 : B(pi,R) is homeomorphic 
to D A ifm — 1 or to S l x D 3 if m = 0; 

(2) 7/dimC(0) = 1, then rrii + ni < 2 : B(pi,R) is homeomor- 
phic to either one of the spaces in III-{\) if rrii + ni < 1, 
or 



where oo is explicitly estimated in terms of the singularities 
of the spaces of directions at the endpoints <9C(0); 
(3) Suppose dim C(0) = 2. ThenU < 1, < 2, max{442m;}+ 
ni < 4 and B(pi, R) is homeomorphic to one of the spaces 
in A-III-(1) if (rrii, n i) — (1,0), or rrii = , rii < 1 , or one 



(K 2 xl) x I 
S 2 x u D 2 



if rrii = 2, 

if (m i: ni) = (0,2) 
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in the following list: 



T 2 x D 2 (J S 1 x D 3 , 


if £i = l,mi 


<1, 


T 2 xl 






T 2 x D 2 (J (K 2 x/) x J, 


if (e h mi) = 


(1,2), 








(K 2 xl) x 7, 


if (m h ni) = 


(2,0), 




if {m h ni) = 


(1,1), 


S 1 xD 2 






S 2 x lV2 D 2 , 


if (mi,ni) = 


(0,2), 


5 2 x W2J D 2 |J D\ 


if (mi,ni) = 


= (0,3), 


S 1 xD 2 






5 2 x W3J D 2 |J S 2 x„ 4 D 2 , 


if (m h ni) = 


(0,4). 



where \u\\ G {0,2} ; < \oj^\, \u^\ < 4 and \uj 2 \ can be explicitly 
estimated in terms of the ratio of n and the angles of C (0) at 
the extremal points on dC(0). 

Case B. Y has nonempty connected boundary. 

I. Suppose dimS* = 2, yielding dimY(oo) = 0. Then B(pi,R) is 

homeomorphic to a D 2 -bundle over S; 
II. Suppose dimS* = 1. 

(1) //dimY(oo) > 1, then B{j>i,R) is homeomorphic to S 1 x 

(2) //dimY(oo) = 0, then B(pi,R) is homeomorphic to the 
space in B-II-(l), S 1 x (P 2 xl), S 1 x S 2 x I or an I -bundle 
over S 1 xS 2 , the nontrivial S 2 -bundle over S 1 . 

III. Suppose dim S = 0. IfY has two ends, then ti = rii = 0, rrii < 2 
and 

J a lens space x I if mi < 1 

{Pl,r) ^{(P 3 #P 3 )xI if m t = 2. 

Suppose that Y has exactly one end, and consider the maximum 
set C* (possibly empty) of d dY . Then C { C C* . If F* n intY 
is empty and E* is nonempty, then irii — 1 and B(p iy R) is 
homeomorphic to 

(P 2 xl) x I. 

In the other cases, we have the following: 

(1) If C* is empty, then B(pi,R) is homeomorphic to D A ; 

(2) Suppose C* is nonempty. 

(i) //dimY(oo) > 1, then B(pi,R) is homeomorphic to 
either D A or S 2 x u D 2 , where \u\ G {1,2}; 
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(ii) If dim Y (oo) = 0, then B(pi,R) is homeomorphic to 
one of the spaces in B-III-{2)-{i), S 2 x Ul D 2 if C* is 
a ray, or S 2 x U2 D 2 \J slxD2 D A if dim C* = 2, where 
u>i can be estimated in terms of singularities at an 
interior point of C* and < jo^l < 4. 

Case C. Y has disconnected boundary. 

I. If dimY "(oo) > 1, then B(pi,R) is homeomorphic to a D 2 x S 2 ; 
II. If dimY(oo) = 0, then B(pi,R) is homeomorphic to either S 1 x 
S 2 x I or an I -bundle over the nontrivial S 2 -bundle S^^xS 2 . 

Later we need to clarify the position of the singular locus Ci = S* — 
dY. The following lemma will give a general information about it. 

Let b denote the Busemann function on Y used for the construction 
of S (i.e., C(0) is the minimum set of b), and let /i be the minimum 
of b. 

Lemma 9.2. (1) b is monotone on each component of Ci — (7(0); 

(2) For any x EY , d x has no local minimum on Ci — {b < b(x)}. 

(3) IfCi is nonempty, it must meetC(0). If Ai denotes a component 
of E* which is not contained in dC(0), then A\ perpendicularly 
meet C(0). 

Here we say that a curve c : [a, b] — > Y is perpendicular to a closed set 
C if c(a) E C and for any x E C, the distance d(x, c([a, b})) is realized 
only at c(a). 

Proof. First we show that b has no local maximum on Ci — C(0). Sup- 
pose that b takes a local maximum to > A^o at a point p G Ci — C(0), 
and let {^1,^2} := S p (Cj). For any t > to take a point q G & _1 (t) with 
d(p,q) = t — t . Then d g restricted to Cj takes a local minimum at 
p. However for any x with b(x) < t , we have Z(q' p ,x' p ) > ir/2, which 
contradicts the fact that Ci is an extremal subset. 

The proof of (2) is similar, and hence omitted. (2) implies that b 
has no global minimum on Ci — C(0). (1) follows from the previous 
argument. (3) follows from (2). □ 

First we consider the case when Y has no boundary and begin with 
the simplest 

Case A-I. Y has no boundary and dim.S = 2. 

In this case, Y is isometric to the normal bundle N(S) of S, which is 
flat (hence if S ~ S 2 , then Y is isometric to 5x1). Let be the zero 
section of N(S), and Si(S ) be the preimage of by 7Tj, which is a 
Seifert bundle over So- Now B(pi,R) is homeomorphic to an /-bundle 
over Si(S ). 

Case A-II. Y has no boundary and dimS 1 = 1. 
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In this case Y is isometric to a quotient (R x N 2 )/A which is home- 
omorphic to S 1 x A^ 2 (resp. the nontrivial bundle S 1 xN 2 ) if Y is 
orientable (resp. if Y is non-orientable), where A ~ Z, iV 2 ~ M 2 
and the number k of essential singular points of iV 2 is at most two. 
If dimy(oo) = dimiV 2 (oo) > 1, k is at most 1. If dimy(oo) = 
and k = 2, then iV 2 would be isometric to the double of a product 
[a, b] x [0, oo). 

Let ki < 2 denote the number of the singular orbits of ipi over the 
iV 2 -factor. If ki = 0, it follows that B(p u R) is an S^-bundle over 
B(y ,R), which is homeomorphic to either S 1 x D 2 or the twisted 
product S 1 xD 2 . Thus B{p u R) is a D 2 -bundle over T 2 or K 2 . 

If ki — 1, the preimage of the iV 2 -factor by 7T», denoted Si(N 2 ), is 
a fibred solid torus with one singular fibre. Therefore B(pi,R) is an 
Si (N 2 ) -bundle over S 1 , and 



where / is a gluing homeomorphism of S 1 x D 2 . Consider the mapping 
class group Ai + (S 1 x D 2 ) of orientation-preserving homeomorphisms 
of S" 1 x D 2 , which can be thought of as a subgroup of x S 1 ) = 

SX(2,Z). Since 



we may assume that / preserves the D 2 -factors. Thus B{p i) R) is a 
_D 2 -bundle over T 2 or K 2 . 

Suppose ki = 2. In a similar way to the above case of ki = 1, B(pi, R) 
is an S(D 2 : (2, 1), (2, l))-bundle over S\ where S(D 2 : (2,1), (2,1)) 
is the Seifert bundle over D 2 with two singular orbits with Seifert 
invariants (2,1). Note that S(D 2 : (2,1), (2,1)) ~ K 2 xl. Since 
M + (K 2 xI) ~ At(^ 2 ) ~ Z 2 © Z 2 ( (3U]), in the same way as 
before, B(pi,R) is homeomorphic to an /-bundle over a i^ 2 -bundle 
over S 1 . 

Case A-III. Y has no boundary and dimS 1 = 0. 

Since B(y ,R) ~ D 3 for large i? ([13]), i>i is an S' 1 -action (Lemma 
13. ip . Suppose first dimC(O) < 1. By Lemma I2T21 this is the case if 
dimF(oo) > 1. If dimC(O) = 0, or equivalently if C(0) = S, then ipi 
has at most one fixed point. Therefore B(pi, R) is homeomorphic to 
either D 4 or S 1 x D' 3 . 

We prepair 

Lemma 9.3. Let if) be an S 1 -action on a compact 4-manifold N with 
boundary such that 

(1) the orbit space N* is homeomorphic to D 3 and F*(ip) C int A^*; 



B(p t ,R) ~S x xD 2 x I/(x,0) ~ (f(x),l) , 
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(2) there is exactly one component A* of E*(ip) whose closure A* 
does not meet F*(ip), and the Seifert invariants along A* are 
(2,1); 

(3) there is a point x* G F*(ip) R int N* such that the number of the 
components of E*(ijj) whose closure touch x* is at most 1. 

Then N is nonorientable. 

Proof. By Van Kampen's theorem, irx(N) = Z 2 . Let p : N — > N be 
the universal cover and a the nontrivial deck transformation. N has an 
S^-action ip induced from ip. Note that there is no component of E*(ijj) 
whose closure does not meet F*(ip). Let Xi,x 2 G N be the points over 
x*, and let fr : N — > N* be the orbit map. Divide N* by a proper 
cr-invariant 2-disk in N* — F*(ip) — E*(ip) into two 3-disks U* and V* 
in such a way that X\,x 2 G U* and the other elements of F*(ip) are 
contained in V*. Put U := 7f _1 (?/*). By Proposition EZZJ is 
equivariatly homeomorphic to S 2 x UJ D 2 for some weZ equipped with 
a canonical action, denoted ip, provided in Section [3j Hence we may 
identify (U,^p) with (S 2 x u D 2 Let 

/<- 

be the gluing as in Section [3j Since the Z 2 -action defined by a is S 1 - 
equivariant, a preserves dB\ x D 2 and the zero-section (Bi U _B 2 ) x 0. 
Since p{dB\ x 0) lies in E(ip), the action of cr on (Sj U B 2 ) x is 
orientation-reversing. On the other hand, since a is S^-equivariant, 
the a-action on the D 2 -factor induced from that on dB\ x D 2 must 
be orientation-preserving. Therefore a is orientation-reversing and N 
must be nonorientable. □ 

Suppose dimC(O) = 1, that is, C(0) is a geodesic segment. Since 
Ext(y) is included in <9C(0), so is i?. 

Lemma 9.4. Let dimC(O) = 1 and let A± be a component of E* . 

(1) If Ai is not contained in C(0), A\ perpendicularly intersects 
C(0) wtt an endpoint of dC(0); 

(2) J/Aj does not meet one of the following holds: 

(a) If Ai nC(0) contains more than one element, then C(0) 
a subarc of Af, 

(b) A, intersects C(0) itrata exactly one endpoint o/C(0) mak- 
ing an ano/e egna/ to tt/2. In this case, the Seifert invari- 
ants of ipi along Ai are (2, 1). 

Proof. Any point x G int C (0) has a small neighborhood such that 
U x — C(0) has no essential singular point. Therefore Ai must intersect 
C(0) with an endpoint. Suppose A, fl C(0) is a point, say x. Let 
£i,£ 2 and £ denote the directions at x determined by Aj and C(0) 
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respectively. Since Ai is an extremal subset, it follows that Z(£j,£) = 
vr/2,j = l,2. 



Sublemma 9.5. (1) g?(£i,£ 2 ) < 

(2) T, x is isometric to the double of a geodesic triangle on S 2 (l) 
with sidelengths 7r/2, 7r/2 and c?(£i,£ 2 ). 

Proof. Suppose (1) first. Note that L(T,^.(T, X )) < tt, i = 1,2 since 
Ai C E*. Let ▲ denote a closed domain bounded by A££i£ 2 such that 
the inner angle, say a, of A at £ is at most it. Let ctj be the inner angle 
of ▲ at £j. From the Alexandrov convexity applied to A, 

(9.1) ^ > tt/2. 

Let A' := — int A, and a' and a\ denote the inner angles of A' at £ 
and & respectively. From (19. ip . < tt — «j < 7r/2. If a' < tt, using the 
same argument as above, we conclude a, = a\ = tt/2. The conclusion 
(2) follows from the rigidity (cf. [12]). 
For any r\ G £1^2, 

d A '(£,»7)>d(^)>7r/2, 

where d A '(^,rj) denotes the inner distance in A'. Let 770 be a farthest 
point of £1^2 from £ with respect to d k . Divide A' by a minimal segment 
£77 in A' into two triangle regions k[ and A' 2 with £j G A^. We may 
assume that the inner angle of k[ at £ is at most 7r. The Alexandrov 
convexity applied to A' x shows 

> cosg? a (£,t/o) — sin<i(£i, r] ) cosc^ > 0, 

where a[ < 7r/2 denotes the comparison angle for a[. It follows that 
d A (£,?7o) = vr/2 and = a[ = ai = tt/2. Thus A[ is isometric to a 
triangle in S 2 (l) with sidelengths tt/2, 7r/2 and d(^i,rj ). 

Continue the above argument for A' 2 by taking a farthest point of 
i]qC,2 from £, finally to conclude that A' and A are isometric to a triangle 
in S 2 (l) with sidelengths tt/2, tt/2 and £2)- 

Next we show (1). Suppose d(£i,£2) = tt- Then is isometric to 
a product K x K(S}), where the length £ of the circle Sj is at most tt 
because of Ai C E*. Now consider the Busemann function b such that 
C(0) coincides with the minimum set of 6, where we assume C(0) = 
{6 = 0}. Under the convergence (^X,p) — >■ (i^ p ,o p ), ^6 converges to a 
convex function 6^ on if p with Lipschitz constant 1. Let be the 
limit of C(0) under the above convergence, which is a geodesic ray in 
x K(S\) from o p and is contained in {boo = 0}. Since {b^ = 0} 
is a totally convex set of dimension < 2, it follows that {boo = 0} = 
Ox K(S}). Obviously {600 = 1} = {±1} x K(S}) is disconnected while 
{b = r} ~ S 2 (see Theorem 115. 12j) is connected. In a obvious way, we 
get a contradiction. □ 
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By Sublemma I9.5[ the Seifert invariants of ipi along Ai are (2, 1). If 
Ai fl C(0) is more than a point, then one of must coincide with £ 
and C(0) is a subarc of A\. □ 

By Lemma [9.41 we have m.j + < 2. Lemmas 19.31 and 19.41 together 
with Lemma [3.51 imply that the case (m^rij) = (1, 1) does not occur. 

If mi = 2, then B(y , R) ~ L> 3 consists of continuous one-parameter 
family D\ of mutually disjoint 2-disks each of which transversally in- 
tersects E* at exactly two points. Since 

nr\D?)^ 5(D 2 ;(2,1), (2, l))^K 2 xI, 

B(pi, R) is homeomorphic to (K 2 xl) x I, a D 2 -bundle over i^ 2 whose 
boundary is homeomorphic to the double D(K 2 xI). 

If = 1, then B(jpi, R) is homeomorphic to S 1 x .D 3 . 

If TOj = 0, by the above argument in the case of dimC(O) = 0, 
we may assume F* = dC(0). In view of Lemma \'S.5\ it follows from 
Proposition 13.71 that B(pi,R) is homeomorphic to S 2 x UJ D 2 . Let Zj, 
j = 0, 1, be the endpoints of dC(0). Then \u\ does not exceed 

ma * { makm ' 1 } + max I <L m • 1 } 

for some essential singular point £j (if it exists) of with distance 

7r/2 to the direction determined by C(0). 

Next suppose dimC(O) = 2. Since there are exactly two geodesic 
rays starting from each point of the interior of C(0) with directions 
normal to C, we have a locally isometric imbedding / : int C(0) x R — > 
Y (see Section E}. For any subset B C C(0), let A/"(5) denote the 
union of geodesic rays from the points of B appearing as the limits of 
geodesic rays in /(intC(O)) normal to C(0). 

For the definition of one- normal or two normal points in dC(0), see 
the definition right before Proposition 114.11 

We need some geometry of the space of directions at a given one- 
normal point of dC(0), which is described in the following lemma. 

Lemma 9.6. Suppose dimC(O) = 2 and a point x G dC(0) be given. 

(1) If x is an essential singular point ofY, then it is a one-normal 
point ; 

(2) // a point in dH x (C(0)) is an essential singular point of Y* x , 
then x is a one-normal point ; 

(3) Suppose that x is a one-normal point and there are two essential 
singular points ofY> x ; one is in dH x (C(0)) and the other is not. 
Let v be the essential singular point in Ti x — dT, x (C(0)) . 

(a) If L(H x (C(0))) < 7r/2, then v satisfies 



L(E V (E X )) > 2L(E X (C(0))); 
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(b) If L(E x (C(0))) > ti/2, then v lies on a geodesic extension 
of the geodesic through <9E X (C(0)) ; and E x is isometric to 
the double of a geodesic triangle in S 2 (l) of sidelengths ti/2, 
ti/2 and max{d(v, 77) ; 77 e 9E X (C(0))}. 
(4) // x zs an extremal point of Y and if v is an essential singular 
point of E x satisfying d(v,rj) = tt/2 for every rj G 9E X (C(0)) ; 
£/ien f is £/ie normal direction to C (0) . 

Proof. Let £1,62 £ E x be the normal directions to C(0), and 771, 772 
be the boundary points of E x (C(0)). Note that E x has a geodesic 
triangulation which consists of four geodesic triangles with vertices 
£1, £2, Vi an d V2'- two of which are isometric to a triangle in S^l) 
with sidelengths ir/2, tt/2 and L(E x (C(0))). Note that the other two 
triangles may be degenerate biangles if x is a one-normal point. In view 
of this geodesic triangulation, a direct calculation with the Alexandrov 
convexity shows that if Ob IS Sb two-normal point (£1 7^ £2)) then the 
radius of E x is greater than n/2, and (1) follows. Furthermore, since 
L(E J?j (E x )) > 7r in this case, both 77! and 772 are not essential singular 
points of E x yielding (2). 

(4) is obvious from the Alexandrov convexity. 

For a one- normal point x, let £ be a direction at x normal to C(0). 
Then £, 771 and 772 span two geodesic triangles of constant curvature 1. 
Hence (3) follows from the following sublemma. □ 

Sublemma 9.7. Let E be a compact Alexandrov surface with curvature 
> 1 and with no boundary. Suppose that there are two geodesic triangle 
regions of constant curvature 1 in E spanned by three points £ 7 771 and 772 
such that d(£,r)i) = n/2, i — 1,2. Let t>(^ rji) be an essential singular 
point in E — {771,772}. 

(1) Ifmmd{v, Vi ) > tt/2, tfien L(E,(E)) > 2d{ Vl , V2 ); 

(2) If mm d(v,r)i) < tt/2, then v lies on a geodesic extension of a 
geodesic joining 771 and 772, and the geodesies v£ is the common 
edge of the two geodesic triangles spanned by v, £ 7 r]i of constant 
curvature 1 and of sidelengths n /2, ti/2 and max d(v, rji). 

Proof If v — £, then cleary (1) holds. We assume v 7^ £ and d(i>, 771) < 
d(i>, 772). Since v is an essential singular point, one of d(rji,v) and d(£, i>) 
is not greater than tt/2 and the other is not smaller than tt/2. We first 
assume d(r)i,v) > ti/2 and d(£,v) < tt/2. Let j(t), < t < 5, be a 
unit speed geodesic from £ to v, and let #t denote the minimal angle 
between j\[t,s\ an d the minimal geodesies from j(t) to 771. Since d(r)i, ■ ) 
is concave on E — -6(771, 7r/2), it follows that 6> t is decreasing. It follows 
from the assumption on the existence of two geodesic triangles spanned 
by £, 771 and 772 that 

Z?7i< > 7T - 6» > Zt/i^ > d(r] 1: rj 2 ), 

which implies (1). 
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If d(r]i,v) < tt/2 and d(£,v) > ir/2, the above argument shows that 
v is on a geodesic through 771 starting from r/ 2 and ^vrji — tt/2, and 
the conclusion (2) follows. □ 

Example 9.8. In IR 3 with the usual coordinates (x, y, z), first consider 
the sector C on the (x, y)-plane defined by C = {0 < r < a, < 9 < a}, 
where (r, 9) denotes the polar coordinates and a>0,7r/2>a>0. Let 
rji and 7/2 be the directions of the (x, y)-plane at the origin defined by 
dC. 

(1) Let £ = (0, 0, 1) be the direction at the origin, and take a direc- 
tion !)^, which is sufficiently close to £, such that n/2 < Z(t>, 771) < 
Z(u, 772). Let A be the union of the segment {tn | < t < 1} and the 
ray {v + (0, 0,t)\t > 0}. Then the double Y of the convex hull of the 
union of C x [0, 00) and A is a complete open 3-dimensional Alexan- 
drov space with nonnegative curvature such that C(0) = C. Note that 
the space of directions at the origin (0, 0,0) 6 7 is the double of the 
geodesic quadrangle on S 2 (l) spanned by r/ 1; r/ 2 , £ and v. Note that 
the union of A and the segment of dC in the direction of t]j provides a 
quasigeodesic of Y consisting of essential singular points of Y. 

(2) Take any j3 with a < (3 < it, and let v be a direction of the 
(x, ?/)-plane at the origin defined by 9 = (3. Let A be the union of the 
piece of parabola, {(tv, t 2 ) \ < t < 1}, and the ray {v + (0, 0, t) \ t > 1}. 
Then the double Y of the convex hull of the union of C x [0, 00) and A 
is a complete open 3-dimensional Alexandrov space with nonnegative 
curvature such that C(0) = C . Note that the space of directions at the 
origin (0,0,0) G Y is the double of the geodesic triangle on S 2 {\) of 
sidelengths tt/2, tt/2 and (3. Note that the union of A and the segment 
of dC in the direction of 9 = provides a quasigeodesic of Y consisting 
of essential singular points of Y. 

(1) and (2) of Example 19.81 correspond to (a) and (b) of Lemma 19.61 
(3) respectively. 

Lemma 9.9. Suppose dimC(0) = 2, and let A^ be an oriented compo- 
nent of E* along which the Seifert invariants ofipi are given by (a,, 

(1) Unless Ai = dC(0), Ai can meet dC(0) only with an arc of 
positive length; 

(2) If Ai meets dC(0), then (a^ft) = (2,1); 

(3) If Ai has no intersection with dC(0), then the closure A^ meets 
C(0) with exactly one point, say x, in Ext(C(0)), and Ai C 
N{x). 

(a) If x e intC(0), then x G A f) Ext(int C(0)) and a, < 

i(E.(C(0)))' 

(b) If x £ dC(0), then x G F* and a, < (c(o))) • 
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Therefore Ci is included in the union of dC(0), quasigeodesics start- 
ing from Ext(C(0)) f]dC(0) which are perpendicular to C(0), and the 
geodesic segments in A/"(Ext(int C(0))); 

Proof. Suppose that A4 meets dC(0) with a point x. Let £1 and £ 2 be 
directions at x determined by A4. Suppose A4 ndC(0) = {x}. Since A4 
is an extremal subset, in view of Lemma [9.2} one can verify that both 
£1 and £2 are directions normal to C(0), yielding x being a two-normal 
point, a contradiction to Lemma 19.61 This argument implies that a 
sufficiently short subarc A\ of A4 starting from x is contained in dC(0) 
and (1) holds true. Taking a boundary regular point y G A\ of dC(0), 
we see that T> y is isometric to the spherical suspension over Si, which 
yields (2). 

Suppose that Aj does not meet dC(0). From Lemma |9~2"} the closure 
Ai must meet C(0), say at x. If a; G intC(O), is isometric to the 
spherical suspension over with £ = L(H x (C(0))). It follows that x 
is not contained in F*. Therefore x is an element of Ai f] Ext(int C(0)) 
and we obtain Ai C Af(x) yielding a>i < 2n/£. If x G dC(0), then it 
must be contained in F* and hence is an extremal point of Y. Let v be 
the direction at x determined by A4. By Lemma [9T2| Ai is perpendicular 
to C(0). It follows from Lemma 19.61 (4) that v must be the normal 
direction to C at x. From the definition of quasigeodesics, one can see 
that Ai must be contained in Af(x), by developing Ai on the Euclidean 
plane from a point of M{x). □ 

Lemma 9.10. Suppose dimC(O) = 2. Then < 1. 

(1) If £i = 1, then the circle component of E* coincides with dC(0), 
and Y = D(C(0) x [0, 00)); 

(2) Every component of E*ndC(0) contains at most one component 
ofE*- 

Proof. Lemma 19.21 yields that there is no choice for the circle compo- 
nent of E* but dC(0), and hence li < 1. If ii = 1, Lemma [9.61 implies 
that each point of dC(0) is a one-normal point, from which (1) fol- 
lows. Suppose that there are adjacent components A4 and A' { of Cj 
with nonempty intersection A» R A[ in F*. It turns out that both Ai 
and A i have Seifert invariants (2, 1), a contradiction to Lemma □ 

Suppose £i = 1, and let p : C(0) x K — >■ K be the map naturally 
extending / : int C(0) x E — >■ F. Let Ci be a 2-disk domain in int C(0) 
containing int (7(0) n E 1 *, and C 2 the closure of C(0) - Ci. Put W/ = 
^(P^i x 3 = x > 2 - Since 7r, rl (p(9C?i x K )) —T 2 x I, we have 

T 2 x/ 

Since p[p2 X R) r\B(yo, R) is homeomorphic to a tubular neighborhood 
of <9C(0), it follows from (3.8) in [TB] that W? ~ T 2 x D 2 . Obviously 
~ x D 3 if mi < 1. 
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If rrii = 2, then as before B(pi, R) is homeomorphic to (K 2 xl) x I. 
Next consider the case of t; L = 0. We need 

Lemma 9.11. Let Z 2 be a nonnegatively curved compact Alexandrov 
surface with boundary. Let m and n denote the numbers of the extremal 
points in int Z 2 and in dZ 2 respectively. Then 2m + n < 4, where the 
equality holds if and only if Z 2 is isometric to either a form D(I x {x > 
0}) fl {x < a}, the result of cutting of the double D(I 2 ) of a square I 2 
along the diagonals, or a rectangle [a,b] x [c,d]. 

Proof. By the Gauss-Bonnet formula, we have the inequality 2m + n < 
4, where the equality holds if and only if 

• X 2 is smooth and flat except those essential singular points of 
Z 2 ; 

• the space of directions at an essential singular point x of Z 2 has 
length tt (resp. vr/2) if x G int Z 2 (resp. if x G dZ 2 ); 

• dZ 2 is a broken geodesic with those boundary essential singular 
points as brerak points. 

The conclusion easily follows. □ 

By Lemmas 19.91 and 19.111 2mi + rij < 4, where the equality holds 
if and only if C(0) is isometric to one of the three types described in 
Lemma 19.111 

If mi = 2, B(pi, R) is homeomorphic to (K 2 xl) x I as above. 

Suppose rrii = 1. If = 1, let A, denote the component of E* whose 
closure does not touch F*. Divide B(y ,R) with a proper 2-disk into 
two 3-disk domains B\ and B2 in such a way that A{ C B\ and the 
other components of Ci is contained in Bi- Clearly tx^ x {B\) ~ S 1 x D 3 
and 7rr\B 2 ) ~ D\ 

If (mi, ni) = (1,2), in view of Lemmas 19.91 and 19.111 together with 
Lemma I3.5[ we come to the situation of Lemma 19.31 contradicting to 
the orientability. Hence the case (mi,rij) = (1,2) does not occur. 

Suppose Mj = 0. In view of the argument in the case of dimC(O) = 1, 
we may assume that rij > 2. If = 2, Proposition 13.71 and Lemma [931 
imply that B(pi,R) ~ S 2 x UJ D 2 , where 

71 71 

(9.2) \lu\ < — + 



L(E,(C7(0))) L(E y (C(0))Y 
and {x, y} = F*. 

If ni = 3, then d is disconnected. Cut B(y , R) with a 2-disk into two 
3-disk domains Bi and B 2 in such a way that a connected component 
of Ci containing only one element of F* is contained in B\ and the other 
components are contained in B 2 . Then ti^ 1 (Bi) ~ D 4 and 7r i _1 (i?2) — 
S 2 x LJ D 2 , where is estimated as in (19. 2p . 

If rij = 4, then C« is disconnected. Cut -B(?/o, R) with a 2-disk into two 
3-disk domains Bi and B 2 in such a way that connected components of 
Ci containing exactly two elements of F* are contained in Bi and the 
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other components are contained in B 2 . Then by Proposition 13. 7\ both 
7r~ (Pi) and 7r i ~ 1 (P 2 ) are homeomorphic to S 2 x UJ D 2 , where < \cu\ < 
4. 

This completes the proof of Theorem 19.11 in the case when Y has no 
boundary. 

Next we consider the case when Y has nonempty connected bound- 
ary. We begin with 

Case B-I BY is connected and dim S = 2. 

By Proposition II 7. 1[ Y is isometric to the product S x [0, oo). There- 
fore Y(oo) is a point, and Theorem 18.11 implies that B(pi,R) is home- 
omorphic to a P 2 -bundle over S. 

Case B-II dY is connected and dim S = 1. 

In this case, Y is isometric to a product (R x N 2 )/A, where N 2 is 
either homeomorphic to R\ or isometric to I x R, and A ~ Z. Let Hi 
denote the preimage of an iV 2 -factor by 7Tj. 

Suppose iV 2 ~ Let k(< 1) denote the number of the essential 
singular points of int iV 2 . If k — 0, by Theorem 18.11 Hi ~ D 3 , yielding 
B(pi,R) ~ S 1 x D 3 . Suppose k — 1. Then iV 2 is isometric to a form 
P([0, oo) x [0, oo)) n{( x ! V) I V — a }> which implies that dimF(oo) = 
and Hi ~ P 2 xl if ifj has a singular orbit. Since B(pi,R) is homeo- 
morphic to an i7j-bundle over S 1 , it follows from the following lemma 
that B(pi,R) ~ x (P 2 x/). 

Lemma 9.12. T/ie mapping class group A4 + (P 2 x/) o/ orientation 
preserving homeomorphisms of P 2 xl is trivial. 

Proof. Let A^d(MP 3 ) be the mapping class group of homeomorphisms 
of MP 3 fixing a disk. Since any orientation preserving homeomorphism 
/ of P 2 xJ is isotopic to the identity on the boundary sphere, we way 
assume / = 1 on dP 2 xL Therefor A^ + (P 2 x/) ~ M D (RP 3 ). The 
result follows from g], [28] and [T9]. □ 

Suppose N 2 is isometric to J x 1. Since Hi ~ S 2 x I, B(pi,R) 
is an {S 2 x J)-bundle over S 1 . Since M + {S 2 x I) = Z 2 , P(^,P) is 
homeomorphic to either S 1 x S 2 x I or an Pbundle over S l xS 2 , the 
nontrivial >S 2 -bundle over S 1 . 

Case B-III is connected and dimS* = 0. 

If Y has two ends, it is isometric to a product IxYJ, 2 , where Yq ~ D 2 . 
Let Ki denote the preimage of an Y" 2 -factor by 7Tj. Then B(pi,R) ~ 
Ki x I. Note that Y 2 has either at most one essential singular point, 
say q, in its interior, or isometric to D(I x {x > 0}) f]{x < a} for some 
I and a > 0. In either case, l{ = Hi = and m; < 2. In the former 
case, -fQ is homeomorphic to L(/ij,i/j), where /i, < 27r/L(S g (F 2 )). In 

66 



the latter case, HQ is homeomorphic to either P 3 (m, = 1) or P 3 j^P 3 
K = 2). 

In what follows, we assume that Y has exactly one end. In the 
argument below about the geometry of Y, we show that dY is homeo- 
morphic to M. 2 . 

Since we have a collar neighborhood of dY (Theorem 15. 14j) . we can 
apply the method of [13] to Y e and obtain that B(S, R) is homeomor- 
phic to D 3 for a large R > 0. 

Note that (j^Y, S) converges to (K(Y(oo), o) as R — > oo, and denote 
by B R the closure of dB(S, R) - B(S, R) H dY. We put C fi := dY n 
£(S, 

Assertion 9.13. Assume that Y has exactly one end. Then for any 
sufficiently large R, both Br and Cr are homeomorphic to D 2 . 
In particular, Y is homeomorphic to 

Proof. By using the gradient flows for the distance function d$ from S, 
we see that for sufficiently large R, 

(1) Y-B(S,R) -B R x (0,oo); 

(2) dY-C R ~dB R x(0,oc), 

where 8Br = 8Cr is the boundary as a topological 2-manifold. Since 
Y has exactly one end, Br must be connected. We assert that 8Br 
is connected. Applying the method of (13], we also have a pseudo- 
gradient flow for d s on B(S, R) — {S} (see Section 10 of (13] for the 
definition of pseudo-gradient flows). For a small e with B(S, e) C int Y 
and dB(S,e) ~ S 2 , let h : B(S,R) - int B(S, e) ->■ 95(5, e) be the 
projection along the flow curves. Since h(Bji) C S 2 is connected, if OBr 
was disconnected, h(CR) and hence CTr would be disconnected, yielding 
the disco nnectivity of dY, a contradiction. The former conclusion of 
the assertion then follows from the connectivity of both h{BR) and 
h(Cn). The latter follows easily. □ 

To determine the topology of B(pi, R), consider the distance function 
dgy from dY. Let C* be the maximum set of dgy (possibly empty). 

Lemma 9.14. Cj C C* for sufficiently large i. 

Proof. The proof is by contradiction. In a way similar to Lemma 19.21 
we have 

• dgy is monotone on each component of C{ — C*\ 

• for any t > less than the maximum of dgy, and for any x with 
dgy{x) > t, d x has no local minimum on Cj — {dgy > t}. 

Suppose that C\ is not contained in C* for any sufficiently large i. Then 
we have a sequence R4 — > 00 and S^-actions ipi on B(pi, Ri) extending 
the original actions. Since dc* has no local minimum on d — C*, 
there is a subarc Ai(t) of Ci with unit speed parameter, < t < £i, 
ti — > 00, such that (z) rfay(Aj(f)) is monotone decreasing, (zz) Aj(^) G 
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dB(y , Ri) — dY, (in) Ai(t) does not reach dY. Therefore for any e > 
there is an % and s G (0, 4) such that 

> (d 9Y o At)' (s) = - cos (flr)^ w ) > -e. 

It follows that 

Z(^( S ),aE Ai(s) ({d 9y >4}))<r(e), 

where c? s := dgy(Aj(s)). Take x with o?ay(x) = d s sufficiently close to 
Ai(s) such that Z(A' i (s) , x' A .r s ^) < r(e). Now it is easy to see that d x 
has a local minimum on Cj — {dgy > d s }, a contradiction. □ 

Case (i). rf^y has no maximum. 

By Lemma [9.141 Ci is empty, and therefore B(pi, r) ~ D 2 x .D 2 . 
Case (ii). dgy has a maximum. 

From now on we assume that C, is nonempty. By the concavity of 
dgy, every geodesic ray of Y stating from any point of C* is contained 
in C*. It follows that Y(oo) is isometric to C*(oo). Obviously 5 is 
isometric to a soul of C*. 

If dimC* = 2, as in the case of dimC(O) = 2, for each x G intC* 
there are two minimal geodesies from x to dY. Thus we have a locally 
isometric imbedding / : int C* x [—a, a] — >■ K, where a is the maximum 
of dgy- 

Suppose that F* D int F is empty and E£ is nonempty. We show 
rrii = 1. If m, > 2, then C* is isometric to J x R and E 1 * = dC*. 
Therefore it is easy to verify that Y is isometric to 1 x x {j > 
0}) PI {x < a}) for some a > 0, and thus Y would have two ends, a 
contradiction to the hypothesis. Therefore rrii — 1. 

Suppose first the special case that E* is a minimal geodesic extending 
to a line. Then Y is isometric to a product R x Y" 2 , where Y" 2 ~ 1R 2 , . 
Since int Yq contains an essential singular point, Yq is isometric to 
D({x,y > 0}) f]{y < a} for some a > 0. Since the preimage of a 
Y" 2 -factor by 7Tj is homeomorphic to P 2 xl, B(pi,R) is homeomorphic 
to (P 2 xl) x /. Note that the Seifert invariants along E* are (2, 1) and 
that C* is isometric to 

Next consider the general case. By contradiction together with the 
argument above, we may assume that dimC* = 2 and E* = dC*. It 
follows that the Seifert invariants along E* are (2, 1). Therefore Propo- 
sition [3]6] combined with the above argument implies that B(pi,R) ~ 
(P 2 xl)xl. 

Suppose dimy(oo) > 1. Then C* has at most one extremal point 
on C*. Since Ext(F) = Ext(C*), we have £ t = 0, rrii < 1 and n* < 1. It 
follows from the same reason as Lemma 19.101 (2) that every component 
of E* R dC* contains at most one component of E*. Proposition 13.71 
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then implies that B(jpi, R) is homeomorphic to either D A or a S 2 x u] D 2 
with G {1,2}. 

Next suppose dimy(oo) = 0. If C* was a line, then Y would split 
as Y = H 2 x R with H 2 ~ D 2 , a contradiction to the hypothesis for Y 
having exactly one end. Thus C* must be a geodesic ray if dimC* = 1. 
Let us assume that C* is a geodesic ray. Let Z Mi , < < oo, be the 
isotropy group at an interior point x of C*. Letting K x = lx K(S}), 
we obtain fa < 2n/£. In a similar way as above, Proposition 13 . 71 implies 
that BfaR) ~S 2 x^D 2 . 

Suppose next that dimC* = 2. Since we may assume that C* has 
two extremal points, it is isometric to either a product / x [0, oo) or 
the double D(I x [0, oo)). But in the argument below, we may assume 
the former case. Let Vi,v 2 G dC* be the extremal points of C*. Here 
we have the following four cases for Ci. 

(1) Ci coincides with {vi,v 2 }; 

(2) Ci is the geodesic segment joining v\ and V2] 

(3) Ci consists of {v±, v 2 } and a geodesic segment from v\ to dB(y , R); 

(4) Ci consists of two geodesic segments from v\ and v 2 to dB(y , R). 

Let U be a small regular closed neighborhood of 8Y . Then Ui : = 
7r^ 1 (f/ D B(y , R)) is homeomorphic to -D 4 . Let denote the preimage 
of the closure of B(y ,R) — U by 7^. Then B(pi,R) ~ f^Uz^xs 1 ^i- 
Proposition 13.71 implies that V{ ~ S 2 x u] D 2 , where |w| G {0,2,4} in the 
cases of (1), (2) and (4), \u\ G {1,3} in the case of (3). 

Finally we consider 
Case C. Y has disconnected boundary. 

In this case by Theorem I17.3[ dY consists of two connected compo- 
nents and Y is isometric to a product Z x J, where J is a closed interval 
and Z is a component of dY. Note dimy(oo) = dimZ(oo). 

Suppose dimy(oo) > 1. Then Z is homeomorphic to M 2 . Let k be 
the number of the essential singular points of Z, which is at most 1. 

We now apply Theorem 18.11 If k = 0, B(pi, R) is homeomorphic to 
the gluing 

(D 2 xI)xS l \J(D 2 x dl) xD 2 ~D 2 x S 2 . 

Note that even if k — 1 there are no singular loci of the S^-action ipi 
in int B(y , R). For if there were, they would correspond to {x } x I, 
where Xq is the essential singular point of Z. This contradicts Theorem 
18.11 (4). Then Theorem 18. II again implies that B(pi,R) ~ D 2 x S 2 . 

Next suppose dimy(oo) = 0. In view of the argument above, we 
may assume that Z is isometric to a flat cylinder or a flat Mobius 
strip. By Theorem 18.11 in the former case, B(pi,R) is homeomorphic 
to an S^-bundle over S* 1 x I, which is homeomorphic to S 1 x S 2 x I. 
In the latter case, B(pi, R) is homeomorphic to an S' 2 -bundle over the 
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twisted product S 1 xl, which is homeomorphic to /-bundle over the 
nontrivial bundle S^xS 12 . 

This completes the proof of Theorem 19.11 

When a 4-manifold W 4 has boundary homeomorphic to S 3 , we put 
Cap W := W U53 D 4 

Proposition 9.15. Under the same assumption of B- III in Theorem 
\9.1\ suppose that rij = 2 and E* does not meet dB(y ,R). Then 
dB(pi, R) ~ S 3 and Cap B(pi, R) is homeomorphic to either CP 2 #(±CP 2 ) 
orS 2 xS 2 . 

Proof. Note that 

dB( Pi , R)~D 2 x dB R \JS l xB R ~ S 3 , 

and that Cap B( Pi , R) is simply connected and admits a local smooth 
S^-action tpi whose orbit space is homeomorphic to B(y , R) with F*(ipi) = 
dB(yo,R) U F* . It follows from Corollary 10.51 together with the fact 
x(Cap B( Pi , R)) = x(F(ipi)) that Cap B( Pi , R) has a required topolog- 
ical type. □ 

Remark 9.16. (1) One can conclude that in Proposition 19.151 if 
E* is a segment joining the two interior fixed points, then 
C&pB( Pi ,R) ~ S 2 x S 2 ; 
(2) Proposition 19. 151 shows that B( P i,R) cannot be homeomorphic 
to a disk-bundle under the situation of B-III if = 2. 

10. Collapsing to two-spaces without boundary 
(sphere fibre case) 

Let a sequence of pointed complete 4-dimensional orientable Rie- 
mannian manifolds (M 4 , Pi ) with K > —1 converge to a pointed two- 
dimensional Alexandrov space (X 2 ,p). Throughout this section, we 
assume that p is an interior point of X 2 . 

Now consider the local convergence B(pi,2r) — > B(p,2r) for a suffi- 
ciently small positive number r. By Fibration Theorem II. 2 [ A( P i] r, 2r) 
is homeomorphic to an Fj-bundle over A(p; r, 2r) ~ S 1 x I, where Fi is 
either S 2 or T 2 . 

By Theorem I4.1[ we have sequences Si — > and Pi — > p such that 

(1) for any limit (Y, y ) of (j-Mf,pi), we have dimF > 3; 

(2) B(pi,r) is homeomorphic to B(pi,RSi) for every R > 1 and 
large i compared to R. 

Let 5* be a soul of Y. It follows from Lemma 14.31 and Proposition 
[23 that 



10.1) 
10.2) 



dim Y (00) > 1, 
dim S < dim Y — 2. 
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In this section, we consider the case of the general fibre Fi = S 2 . 
Then we have 

(10.3) dB(p u r) ~ S 1 x S 2 . 

We apply Theorem 19. II to the convergence (-rMf,pi) — > (Y, y Q ) under 
the conditions (IIP. II) . ( 110. 2p and ( 110. 3p . The main purpose of this 
section is to prove 

Theorem 10.1. There is a positive number r p such that for any r < r p 
and any sufficiently large i compared with r, 

(1) B( Pl ,r) ~ D 2 x S 2 ; 

(2) there exists an S 2 -bundle structure on B{p i) 2r) compatible to 
the S 2 -bundle structure on A(pf,r,2r). 

Since Ss{X 2 ) is discrete for any 5 > when X 2 has no boundary, 
together with Fibration Theorem 11.21 Theorem I1U.1I yields Theorem 
10.61 in the case when the general fibre is a sphere. 

First we begin with 

Lemma 10.2. The fundamental group of B(pi,r) is finite and cyclic 
for any small r > and any sufficiently large i. 

Proof. Let B(pi,r) be the univerasal covering space of B(pi,r) with 
the deck transformation group Tj. Take a sequence rj — > of positive 
numbers satisfying (^-B(pi,r),pi) — > (K p ,o p ). We may assume that 

(^-B(pi, r),pi, Ti) converges to a triplet (Z, z ,G). We assert that G 
is discrete and hence Tj is isomorphic to G for large i. Otherwise, 
we would have a sequence 7« ^ 1 G Tj converging to the identity of 
G under the above convergence. Applying Fibration Theorem 11.21 to a 
contractible ball B in K p — {o p }, we have a closed domain Ui in B(p iy r) 
fibers over B. Let Xi G Ui be a point converging to the center of B. 
Obviously, the geodesic loop q at Xi represented by ji is contained in 
U. Since U ~ B x S 2 , Ci must be null homotopic, a contradiction to 
7i 1. Since Z/G is the flat cone K p , it follows that Z is also a flat 
cone and G is a finite cyclic group. □ 

Now we consider 

Case A. dimy = 4. 

Intuitively, this is the case when the sphere fibre converges to a sphere 
under the rescaling \Mf. In fact we have 

Proposition 10.3. 7/dimF = A, then 

(1) S~S 2 ; 

(2) B{ Pi ,r) ~ S 2 x D 2 . 
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Proof. In view of Corollary 12.71 together with (110. 3p and Lemma 110.21 
we have the only possibility dim S = 2. It follows that S is home- 
omorphic to S 2 , P 2 , T 2 or K 2 . If S ~ P 2 , then B(pi,r) must be 
homeomorphic to a D 2 -bundle over P 2 . It turns out that 8B{p il r) 
is homeomorphic to an S^-bundle over P 2 , a contradiction to (110.31) . 
Similarly, if 5* was homeomorphic to T 2 or K 2 , we would have a con- 
tradiction. Thus 5* must be homeomorphic to S 2 and B(pi,r) is home- 
omorphic to a .D 2 -bundle over S 2 . In view of (110.31) . this bundle must 
be trivial. □ 

Next we consider 

Case B. dimy = 3. 

Intuitively, this is the case when the sphere fibre collapses to a closed 
interval under the rescaling j-Mf (see Propositions 110.41 and [TU3]) . 
Let 

Y D (7(0) D (7(1) D ■■■ DC(fc), 

be as in Section^ Applying Theorem l0.2l to the convergence (j-Mf,pi) — >■ 
(y, 7/0)5 we have a locally smooth, local S^-action 7/^ on B(pi,r) ~ 
_R5j) whose orbit space is homeomorphic to -B(t/ , -R), where R is 
a large positive number. Let F* := F*(if)i), E* := E*(if)i), S* := S*(if)i), 
Ci := S 1 * — <9y, £j, m,j, nj and 7Tj : B(pi,R) — »■ B(y ,R) be as in the 
previous section. 

Proposition 10.4. J/dimF = 3 and K /ias no boundary, then 

(1) y ~ M 3 ; 

(2) (7(0) isometric to a 1- dimensional closed interval] 

(3) 9(7(0) = i 7 ?. In particular, Ext(Y) = <9<7(0); 

(4) Cj coincides with one of the following: 

9(7(0), C(0), 71U72 

c(o) u 7 i u 72 , 

where 71 and 72 denote quasigeodesics in B(y , R) starting from 
the endpoints 9(7(0), reaching dB(y ,R), and being perpendic- 
ular to (7(0); 

(5) B(p<,r) ~ S 2 x D 2 . 

Proof. Note dimS* < 1. Suppose first 

Case B-I-l. Y has no boundary and dimS* = 1. 

Case A II-(l) of Theorem 19.11 yields a contradiction to fllO.Sp . 
Therefore we have the following case: 

Case B-I-2. Y has no boundary and dim S = 0. 
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Note that B(y ,R) ~ D 3 for large R ( [43J ) . Since dimF(oo) > 
1, we may assume dimC(O) < 1 (Lemma 12. 2p . In view of Case A- 
III of Theorem 19.11 combined with (110. 3p . we can exclude the case of 
dimC(O) = 0. Thus C(0) must be a geodesic segment. Case A-III of 
Theorem 19.11 implies (rrii,ni) = (0,2) and B(pi,r) ~ S 2 x u] D 2 , where 
lo — if and only if we have the cases (a), (c), (d) and (f) in Proposition 
13.71 Thus we obtain the conclusions (4) and (5). □ 

Next we consider the case when Y has nonempty boundary. 

Proposition 10.5. If dim.Y = 3 andY has nonempty boundary, then 

(1) Y is isometric to a product Z x I, where Z ~ M. 2 has at most 
one essential singular point; 



Proof. We first assume 

Case B-II BY is disconnected. 

In this case, by Theorem I17.3[ Y is isometric to the product Z x I, 
where / is a closed interval and Z is a two-dimensional open Alexan- 
drov surface with nonnegative curvature homeomorphic to M. 2 and with 
dimy(oo) = dimZ(oo) > 1. By Case C-I of Theorem 19. 1[ B(pi,r) 
must be homeomorphic to D 2 x S 2 . 

Next we assume the case when dY is connected. 

Case B-III-1 dY is connected and dimS* = 1. 

In this case, by Theorem 19. 1[ B(pi,r) ~ S* 1 x D 3 , which contradicts 
Lemma 110.21 

Case B-III-2 dY is connected and dimS 1 = 0. 

In this case, in view of Case B-III of Theorem I9.1[ we would have 
a contradiction to Lemma 110.21 Thus we have proved Proposition 



Proof of Theorem \10.1\ By Propositions 110. 3[ 110.41 and I10.5[ we al- 
ready know that B(pi,r) ~ D 2 x S 2 . It is known (cf. [S], [27]) that 
the mapping class group Ai + (S 1 x S 2 ) of orientation preserving home- 
omorphisms of S 1 x S 2 is isomorphic to Z 2 © Z 2 . It is generated by the 
homeomorphisms / = (/i,/^) arid g, where f\ and f'2 are orientation 
reversing homeomorphisms of S 1 and S 2 respectively and g is defined 
as 



Note that g 2 is isotopic to the identity since iriSO(3) = Z 2 . From 
the S^-bundle structure on A(pi;r,2r), we have a homeomorphism 
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(2) B(pi,r) ~S 2 x D 2 . 



ME 



□ 




cos 9 — sin 6 
sin 9 cos 9 
1 




(fii : dB(pi,r) — > S 1 x S 2 . From B(p i} r) ~ x S* 2 , we also have 
a homeomorphism ^ : dB(pi,r) — > S 1 x S* 2 . Note that 

2r) ~ [r, 2r] xS ! xS 2 (J {r} x D 2 x S 2 , 

where ^ o yj" 1 is understood as a homeomorphism of {r} x 5 1 x S 12 . 
Since ^ o ip~ x is isotopic to either the identity, f,gorgof, it is now 
easy to verify that B(pi,2r) admits a compatible S^-bundle structure 
in either case. □ 

11. Collapsing to two-spaces without boundary 
(torus fibre case) 

We consider the situation of the previous section that a sequence 
of pointed complete 4-dimensional orientable Riemannian manifolds 
(M 4 4 , p^ with K > — 1 converges to a pointed 2-dimensional Alexandrov 
space (X 2 ,p). Throughout this section, we assume that p is an interior 
singular point of X 2 . 

Now consider the local convergence B{p i) 2r) — > B(p,2r) for a suffi- 
ciently small positive number r. By Fibration Theorem II. 2\ A(pf, r, 2r) 
is homeomorphic to an Fj-bundle over A(p; r, 2r) ~ S 1 x J, where Fi 
is either S* 2 or T 2 . In this section, we consider the case Fi = T 2 . First 
note 



(11.1) dB(pi,r)is homeomorphic to a T 2 -bundle over S 1 

The purpose of this section is to prove the following 

Theorem 11.1. If Fi = T 2 , then we have 

(1) B(pi,r) is homeomorphic to T 2 x D 2 ; 

(2) for some m < 27r/L(S p ) ; an m-fold cyclic cover B'(pi,r) of 
B(pi,r) satisfies the following commutative diagram : 

B'{p h r) —=- ■» T 2 x D 2 

B( Pi ,r) (T 2 xD 2 )/Z m 

where the diagonal 7L m -action on T 2 x D 2 is free on T 2 -factor 
and rotational on D 2 -factor; 

(3) the Seifert T 2 -bundle structure on B(pi,r) in (2) is compatible 
with the T 2 -bundle structure on A(pf,r,2r) . 

It should be noted that there is no restriction about the Z m -action 
on the T 2 -factor because the T 2 -factor is collapsing to a point. 

Since S^X 2 ) is discrete for any 5 > when X 2 has no boundary, 
together with Fibration Theorem ll.2[ Theorem 111.11 yields Theorem 
10.61 in the case when the general fibre is a torus. 
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Let the sequences <5j — > 0, Pi — > p, the pointed complete noncompact 
Alexandrov space (Y, y ) with nonnegative curvature and its soul S be 
as in the previous section. 

Proposition 11.2. Under the situation above, we have the following: 

(1) if dim Y = 4, then S is isometric to a flat torus; 

(2) ifdimY = 3, then 

(a) Y has no boundary; 

(b) S is a circle. 

Intuitively, dimF = 4 (resp. dimF = 3) occurs when a (singular) 
torus fibre converges to a torus (resp. a circle) under the rescaling 
j-Mf. We can think of S as the limit of the "singular torus fibre", 
which is invisible yet. 

For the proof of Proposition 111.21 first we need 

Lemma 11.3. (1) IfdimY = A, then S is isometric to aflat torus 
or a flat Klein bottle; 

(2) If dim Y = 3, then Y has no boundary and S is either a circle 
or a point with C(0) = I; 

(3) B(pi,r) is homeomorphic to a D 2 -bundle over T 2 or K 2 . 

Proof. First suppose dim Y = 4. If dim S < 1, Corollary 12.71 implies 



which contradicts (jll.ip . Thus dimS" = 2, and hence S is either home- 
omorphic to one of S 2 and P 2 or isometric to a flat torus or a flat Klein 
bottle. By Generalized Soul Theorem 12. 6 [ B(pi,r) is a _D 2 -bundle over 
S. Hence if S was homeomorphic to either S 2 or P 2 , we would have 
a contradiction to flll.ip . Therefore S is isometric to a flat torus or a 
flat Klein bottle and we obtain the conclusion. 

Next suppose that dim Y = 3. In view of (110. ip and (110. 2p . Theorem 



We take a sequence Si \ii — > such that (—B(pi, r),pi) converges 
to (K p ,Op). Let Tj be the deck transformation group of the universal 
covering B(p i: r) — > B(pi,r), pi G B(pi, r) a point over pi. Passing to a 
subsequence, we assume that (— B(pi, r),pi, Tj) converges to a triplet 
(Z,Zq, G) with respect to the pointed equivariant Gromov-Hausdorff 
convergence. Note that Z/G is isometric to K p and G contains an 
abelian subgroup of index < 2 (Lemma 111.31) . 

Proposition 11.4. Under the situation above, we have 

(1) Z is isometric to a product M? x iV 2 preserved by the G-action, 
where N 2 is a flat cone; 

(2) G is abelian and isomorphic to M 2 © Z m for some integer m < 




if dim S = 
if dim S = 1, 




□ 



2tt/L(E p ); 
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(3) B(pi,r) is a D 2 -bundle overT 2 . 

Proof. Let T* be the abelian subgroup of Tj of index < 2, and G* 
the limit of T* under the convergence (— B(pi, r),pi, Ti) — > (Z,zq,G), 
which is an abelian subgroup of G of index < 2. 

Claim 11.5. (1) The identity component G$ of G* is isomorphic 
to R 2 ; 

(2) Z is isometric to a G* -invariant product R 2 x N 2 such that 
P2{Gq) is compact, where P2 : Gq — > Isom(iV 2 ) is the projection. 

Proof. Consider the norm on T* defined by ||7|| := d(jPi,Pi)/ fa. From 
the proof of Lemma ["11.31 (3) together with 1/Si ^> 1/fa, we can find 
generators Ti of T* such that ||7j|| — >■ and ||rj|| — > as i — > oo. 
Denoting by Hi the subgroup of T* generated by 7^, take a minimal 
element <7j G 7* + H \ with ||<7j|| = min{ ||7|| | 7 G Ti + Hi}. Since T* 
is properly discontinuous, sup{ d{HiP^ cr^pi) \ n G Z} = 00. Therefore 
for any large R > there exists an rij such that 

(11.2) RKdiHiPi^^p,) <R + 1. 

Take $ G if, such that d{giPi,a^ i pi) = d^Hipi^a^pi). Since Y* is 
abelian, it follows from homogeneity that (—B(pi, r),gipi, T*) also con- 
verges to (Z,zq,G*). Let H and K be the limit of Hi and the group 
generated by ex, respectively, and let Ih and denote the minimal 
totally convex subsets containing Hzo and Kzq respectively. Since H 
and K are noncompact, both Ih and contains lines and the splitting 
theorem implies that Ijj and Ik isometrically splits as Ih — E\ x R, 
Ik = E 2 x R, where £j are compact (see [11]). Therefore we have an 
if- invariant line £1 in i# and a iCinvariant line £2 m Ik- (H1-2P implies 
that t\ is not parallel to £2- It follows that Z is isometric to a product 
R 2 x N. 

Obviously Gq preserves R 2 xiV and is isomorphic to the vector group 
R 2 . In particular, dimiV = 2. If Isom(iV 2 ) is compact, clearly ^(Gq) 
is compact. If Isom(iV 2 ) is noncompact, then Z = R 4 . Let Q be the 
set of minimal displacement of G^: 

Cl = {x G R 4 I 5 7 (x) = min5 7 , for all 7 G G* }, 

where 8 1 (x) = d{^fx : x). Then Q is isometric to R 2 and we have the 
decomposition Z = Q x R 2 satisfying the required properties. □ 

Claim 11.6. dimZ(oo) = dimZ —1 = 3. In particular, N 2 ~ R 2 . 

Proof. Choose a sequence R4 — > 00 such that the pointed Gromov- 
Hausdorff distance between (B(pi, Rf, —B(pi, r)),pi) and (B(z , Ri), Zq) 
is less than I/R4. Take — > with limeji?, = 00 and limei/fa = 00. 
By dp. GH {{eiZ,Zo),(K(Z(oQ)),o 00 )) -> 0, (^^(p^r),^,^) converges 
to a triplet (K(Z(oo)),o 00 ,G 00 ), where is the vertex of the cone 
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K(Z(oo)). In a way similar to Claim [TT3| we have dimGoo = 2 and 
dimK{Z(oo)) = 4. □ 

Lemma 11.7. Let W n = R k x N n ~ k be an n- dimensional complete 
Alexandrov space with nonnegative curvature and with dimiV(oo) = 
n — k — 1. Let T be a group of isometries of W isomorphic to R fc 
preserving the splitting W n = R fc x N n ~ k such that Pi(T) ~ ~R k and 
P2(r) is compact, where p\ : T — > Isom(R fe ) and p 2 : V — > Isom(A^) are 
the projections. Then 

dim (oo) = dimiV n - fc (oo) - dimp 2 (r). 

Proof. From the assumption, j?2(r) is isomorphic to a torus, say T m . 
Let (R x K(N(oo)), o, T^) be any limit of (eW, w ,T) as e -)■ 0. It is 
not difficult see that L^ ~ R k x T m . Therefore 



) w = («) 



oo 



From the assumption, there is a p 2 (r)-i nv ariant point (soul) of N, say 
Po. Since we have an expanding map 

iV ra - fc (oo) _^ Z P0 (N n ~ k ) 



it follows from dimA^(oo) = n — k — 1 that dim(iV n " fc (oo)/T m ) = 
n — k — m—1. Thus, the T m -action on iV(oo) is effective, and we have 
the required equality. □ 

Since dim(Z/Gl)(oo) = 1, it follows from Claims lll.5[ 111.61 and 
Lemma [Tl~Tl that ^(Cq) = {1}, where p 2 : Gq — > Isom(A^ 2 ) is the 
projection. It follows that G* is isomorphic to the direct sum R 2 © 
(G*/G*) which preserves the splitting Z = R 2 x N 2 . Since N 2 /(G*/G*) 
is a flat cone, so is iV 2 , and G*/Gq must be a finite cyclic group Z m for 
some integer m. 

Next we show (3), or equivalently Tj = T*. Suppose that (3) does not 
hold. Since the nontrivial deck transformation of the covering T 2 — > K 2 
reverses the orientation of T 2 and since any element of G is orientation- 
preserving, any nontrivial element g G G — G* has the property that 
bothpi(g) G Isom(R 2 ) and^fiO G Isom(iV 2 ) are orientation-reversing. 
Therefore Z/G must have nonempty boundary, a contradiction. 

Let Xq G iV 2 be a fixed point of G/G -action. Since L(S 3;o )/#(G r /Go) 
= it follows that m < 27r/L(E p ). This completes the proof of 

Proposition 111.41 □ 



From Lemma 111.31 and Proposition lll.4[ the proof of Proposition 
111.21 is now complete. 
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Let pi G B(pi,r) be a point over pi e B(pi,r). Passing to a subse- 
quence, we may assume that (j-B(pi, r),p{, Tj) converges to a triplet 
(W, w , T). Note that T is abelian and W/F = Y. 

Proposition 11.8. Under the situation above, W is isometric to a 
product R 2 x L 2 preserved by the T-action with L 2 ~ R 2 satisfying the 
following: 

(1) Let qi : F — > Isom(R 2 ) and q 2 : T — )■ Isom(L 2 ) 6e the projec- 
tions. Then qi(F) uniformly acts as translation and q 2 (T) ~ Z n 
/or some positive integer n. 

Consequently, F is isomorphic to one of Z 2 , R © Z or R © 

Z © Z n 5 

(2) Letting po e L be a ^(r) -invariant point, we have 

< Lg^ < 2_n 
n n 

Proof. Since 5i /ij, the Alexandrov convexity in nonnegative cur- 
vature yields an expanding map (Z, zq) —> (W, wo), where Z is as in 
Proposition 111.41 (compare Lemma 14.41) . In particular, dimW 7 = 4. 
From the noncompactness of T, we have a splitting W = R x Q 3 . 

We show the existence of T-invariant splitting W = R 2 x L? . First 
assume dim Y = 4. From Proposition 111.21 T ~ Tj ~ Z 2 and we have 
a splitting W = R 2 x L 2 preserved by the T-action. 

Next assume that dimF = 3, yielding dimT = 1. Since any limit 
group of a nontrivial subgroup of Tj under the convergence — > T is 
noncompact, we have To — R 1 . By Proposition II 1.2[ the soul of Y is a 
circle. It follows that T/Tq is infinite. 

Now we show that W isometrically splits as W = R 2 x L 2 . Otherwise, 
the group of isometries of Q 3 is compact, and T preserves the splitting 
RxQ 3 . Obviously qi{T) = R, where q\ : T — > Isom(R) is the projection. 
It turns out that ker q 1 is a infinite discrete group in the compact group 
Isom(Q 3 ). Since T is closed in Isom(W), it is a contradiction. 

Next we show that there exists a T-invariant splitting W = R 2 x L 2 
such that <7i(r) — RffiZ and ^(r) is compact. If Isom(L 2 ) is compact, 
it is clear. If Isom(L 2 ) is noncompact, then W = R 4 . Let Fi be a 
subgroup of T isomorphic to R © Z, and let O be the set of minimal 
displacement of Fx. Then Q = R 2 and we have the decomposition 
W = Q x R 2 satisfying the required properties. 

We show (1) and (2). We put A := q 2 (T) for simplicity. Let 
(K(W{oo)), o, Too) and (K(L 2 (oo)), o, A^) be any limits of (eW, w , T) 
and (eL 2 ,u ,A) as e — > respectively, where K(W(oc)) = 
K(L 2 (oo)). Note that g^T^) = R 2 . It follows that 

R 2 x K(L 2 (oo)) K(L 2 (oo)) 



d2 



X 



K(Y(oa)) = 

i 
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T A 

1 oo 1 ^oo 



Recall that we have an expanding map 

It follows that Aqo is finite and therefore A ~ A^. Taking a A- invariant 
point p G L, we have an injective homomorphism p : A — > SO(2). 
Note that we also have an expanding map 

K(L 2 (oo)) ^ K P0 (L 2 ) 



Aoo A ' 

which concludes that 

< < 2_n 

n n 

Finally remark that if V has no torsion, V is isomorphic to either Z 2 
or R © Z, and if V has a torsion, V is isomorphic to R © Z © Z n . □ 

Lemma 11.9. A finite covering space of B(jpi,r) is homeomorphic to 
T 2 x D 2 . 

Proof. Put r" := ker(g 2 ) and take the subgroup C Tj such that 

(1) T- converges to V under the convergence (j-B(pi,r),pi,Ti) — > 
(W,w ,V): 

(2) a, : = ryr; ~ r/r ~ a ~ z n . 

We consider the quotient B'(pi,r) := B{p i: r) /Y^. Let G B'(pi,r) be 
a point over pV Lifting the (i^-gradient flow on B(pi,r) — B(pi,R5i) 
to that on B'(pi,r) — B(pi,R5i) combined with c^.-gradient flow, we 
obtain 

B'^^-B^RSi) 

(see Theorem 14.11) . 

First assume dimF = 4, and note that (-^B'ij)^ r),pi, A*) converges 
to (T 2 x L 2 ,«4 A). By Stability Theorem Ol B'(p h r) ~ B{p h R5i) is 
homeomorphic to T 2 x .D 2 for a sufficiently large i?. 

Next assume dim V = 3. Then (j-B'(pi, r),pi, Aj) converges to (R 2 /T'x 
L 2 X, A), where R 2 /r' ~ S 1 . Recall that 

L(S P0 (L 2 ))/n>L(S p (X 2 )), 

for the A- fixed point p G L 2 (see Proposition 111.8) ). By Theorem 17.11 
B'fa, r) is homeomorphic to either an S^-bundle or a Seifert ^-bundle 
over S 1 x D 2 . Thus B'(pi,r) is homeomorphic to either T 2 x D 2 or a 
<Si(I/ 2 )-bundle over S 1 , denoted S 1 xSi(L 2 ), where Si(L 2 ) is a Seifert S 1 - 
bundle over L 2 with exactly one singular orbit. Suppose that B'(pi, r) is 
not homeomorphic to T 2 x D 2 , and consider / x Si(L 2 ) C S 1 xSi(L 2 ) = 
B'(pi,r), where / C 5 1 is a closed interval. For a point G Si(L 2 ) 
converging to the singular point locus G L 2 and for any fixed to in the 
interior of J, put pi := (t , <&) £ I*Si(L 2 ) C B'(pi, r). Take z/j — >■ such 
that (^-(IxSi(L 2 )),pi) converges to (Rx ir(S P0 (L 2 )), o), and let S^L 2 ) 
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denotes the universal cover of Si(L 2 ) with the deck transformation 
group Hi C Tj. We may assume that (-^(1 x Si(L 2 )) , p iy Hi) converges 
to a triplet (RxlxL|,o, H). From our assumption on the existence 
of singular orbit in Si(L 2 ), it follows that H ~ IR©Z ni for some n\ > 1. 
Note that nx is related with the Seifert invariants of the singular orbit 
of Si(L 2 ) (see Proposition 4.3 in [13]). Take H[ C -f/j such that 

(1) x Si(L 2 )),pi, HI) converges to (M x 1 x L 2 ,o,H ); 

(2) z ni . 

Note that If (£ pi (Lf))/Z ni = if (E po (L 2 )) for a Z ni -invariant point pi G 
L 2 . Therefore 

L(£ Pl (L 2 )) >mnL(E p (X 2 )). 
Repeating this procedure finitely many times, we obtain finite se- 
quences of complete nonnegatively curved surfaces L 2 , L 2 , . . ., L|, 
Seifert bundles Si(L 2 ), Si(Lj), . . ., ^(L 2 ) and groups H { D iff 5 D 
• • ■ D #f } with fl^ = 7Ti(Si(L 2 )) such that the last Si(L 2 k ) contains 
no singular orbits. Letting p« : T- — > iri(Si(L 2 )) © Z be an isomor- 
phism, put := p~ x {H^ ©Z). Then B(pi,r)/T" is homeomorphic to 
an S^-bundle over S 1 x D 2 , which is homeomorphic to T 2 x D 2 . □ 

Proof of Theorem \ll.l[ Since dB(pi,r) is orientable, it follows from 
Lemma [11.91 that dB(pi,r) ~ T 3 (see [10]), and therefore B(pi,r) has 
Euler number as a .D 2 -bundle over T 2 and is homeomorphic to T 2 x 
D 2 . 

We put a compatible Seifert T 2 -fibre structure on B(pi,r) as fol- 
lows: We again go back to the convergence (-p-B(pi, r),pi, Tj) — > (M 2 x 

N 2 ,z ,G) in Proposition 111.44 an d consider B'(pi,r) = B(pi,r)/Ti 
where is a subgroup of Tj converging to Go under the above con- 
vergence. Let A'(pi;r,2r) := it^ (A(pi\ r, 2r)), where 7Tj : B'(pi,2r) — >■ 
B(pi,2r) is the covering projection. Since (— B'(pi, r),p£, Fj/rQ con- 
verges to (N 2 ,z ,G/Gq), by Equivariant Fibration Theorem 118.44 we 
have a Z m -equivariant T 2 -bundle r, 2r) — » A(2 ; r, 2r) and hence 

a Z m -equivariant homeomorphism A'(pi] r, 2r) ~ T 2 x A(^o; r, 2r) where 
Z m = Tj/r- acts diagonally on T 2 x A(z ; r, 2r); freely on the T 2 -factor 
and rotationally on A(z~o; r, 2r). Therefore A(pi, r, 2r) is homeomorphic 
to the diagonal quotient (T 2 x A(z ; r, 2r))/Z m . Finally we fill B(pi, r) 
with an obvious gluing by the T 2 -fibred T 2 x D 2 ~ (T 2 x D 2 (r))/Z m , 
of the same type of Z m -quotient as (T 2 x A(z ; r, 2r))/Z TO . We there- 
fore obtain B(pi,2r) ~ (T 2 x _D 2 )/Z m . This completes the proof of 
Theorem 111.11 □ 

12. Collapsing to two-spaces with boundary 

In this section, we prove Theorem 10.71 First we define the fibre space 
F(X) stated there. 
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Let X be a compact 2-dimensional topological manifold with bound- 
ary, and let F denote S 2 or T 2 . Let F- mt (X) denote either an S^-bundle 
over X (if F = S 2 ) or a Seifert T 2 -bundle over X (if F = T 2 ) which 
can be thought of as a main building block of ^(X). The building 
blocks of the complement of J-i nt (X) are constructed as follows. Con- 
sider the following families of compact orientable 3- or 4-manifolds with 
boundary: 

(1) The family A s consists of D 3 and a twisted /-bundle P 2 xl over 
the projective plane P 2 ; 

(2) The family A t consists of S* 1 x D 2 and a twisted /-bundle K 2 x / 
over the Klein bottle K 2 ; 

(3) The family B s consists of D 4 and _D 2 -bundles over S* 2 with Euler 
numbers ±1, ±2, and of a -D 2 -bundle P 2 x D 2 over P 2 with 
Euler number 0; 

(4) The family B t consists of D 4 , S 1 x D 3 and D 2 -bundles over S 2 , 
P 2 or K 2 . 

Note that P 2 x D 2 can be characterized as the -D 2 -bundle over P 2 with 
boundary homeomorphic to P 3 #P 3 . 

Let successive points (possibly empty) q , . . . , q^-i of C be associated 
with each component C of dX. Let r represent s (resp. t ) if F = S 2 
(resp. if F — T 2 ). Suppose that an element Q a -i, a £ A r , called a 
section, is associated with each edge q^iq a of C, and that an element 
R a G B r , called a connecting part, the part connecting Q a ~\,a and 
Qa,a+i, is associated with each point q a , so as to satisfy the following: 

(1) dR a is a gluing of Q a -i,a and Q a , a +i along their boundaries; 

(2) Let / = [0, 1] and let J r C a P (C) be an identification space of R a , 
Qa-i,a xl,0<a<k — 1 (mod A;), where Q a -i, a x 1 and 
Q a , a +i x are glued with Q a - 1>a C dR a and Q a , a+1 C dR a 
respectively; 

(3) Note that (9J r cap (C) has an F-bundle structure over C. Then 
dFc&piC) is required to be fibre- wise homeomorphic to the com- 
ponent of <9J-; n t(X) corresponding to C. 

Letting J^c^dX) denote the disjoint union IIcJ : ' ca p(C), we can glue 
J-iak{X) and J r cap (9X) along their boundary fibres, which is denoted 
by 

T(X) :=Tint(X)\jT cap (dX). 

The set of points {q a } are called the break points of dX associated with 
the fibre space J-{X). Figure 4 illustrates the decomposition in J-"(X). 

From the construction, J-'(X) has a singular fibre structure over X. 
More explicitly, there is a continuous surjective map / : J-{X) — > X 
such that / restricted to int X is either an S^-bundle or a Seifert T 2 - 
bundle and / restricted to dX is a singular fibration whose fibres are 
ones of a point, S 1 , S 2 , P 2 and K 2 determined by the topological types 
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of sections and connecting parts involved in J r cap (9X) (see the figures 
(1) ~ (10) after Lemma [H2} . 




Q 



X X 



Q xi 




Figure 4. 



Now Theorem 10.71 is reformulated in more detail as follows. 

Theorem 12.1. Suppose that a sequence of 4- dimensional closed ori- 
entable Riemannian manifolds Mf collapses to a two-dimensional com- 
pact Alexandrov space X with boundary under K > — 1. Then Mf is 
homeomorphic to a fibre space T{X) defined above such that the break 
points of dX are contained in Ext(X). 

To prove Theorem 112.11 we need to understand the topology of a 
small metric ball in a collapsed 4-manifold near a boundary point in 
the limit space. For this reason, we again concentrate on a local prob- 
lem, and consider the following situation that a sequence of pointed 
complete 4-dimensional orientable Riemannian manifolds (M^,pi) with 
K > —1 converge to a pointed 2-dimensional Alexandrov space (X 2 ,p). 
Throughout the rest of this section, we assume that p is a boundary 
point of X 2 . 

We consider the local convergence B(pi,r) — > B(p,r) for a suffi- 
ciently small positive number r. By Theorem 14.11 we have sequences 
5i — > and pi — )■ p such that 

• for any limit {Y,y ) of (^Mj,pi), we have dimF > 3; 

• B(pi,r) is homeomorphic to B(pi,R5i) for every R > 1 and 
large % compared to R. 

In the sequel, we shall study the topology of B(pi,r) to prove The- 
orem |0T1 For a fixed small number r > 0, let v be a sufficiently small 
positive number with z//(tan 6q/2) < r/2, where 9 = L(E P )(< 7r). For 
arbitrary fixed r G (z//(tan Oq/2), r/2), applying Fibration-Capping 

82 



Theorem 11.21 to B(p, r) fl X v and A(p; r , r) D X u , we have decomposi- 
tions 



(12.1) Bfar) = B int { Pi ,r)UB cap { Pi ,r), 

(12.2) A(pi, r , r) = A irA (pi] r , r) U A C£Lp ( Pi ; r , r), 

together with compatible fibre bundle maps 

(12.3) f iM : B- mt ( Pi , r) ->• S(p, r) n X„, 

(12.4) / i)Cap : A cap (pi; r , r) -»■ A(p; r , r) n <9X^. 

Let us denote by Fj the fibre, either S 12 or T 2 , of /^mt- Note that /i )Ca p 
has two types of fibres, one of which is denoted i^ jCa p- 

Theorem 12.2. Under the situation above the following holds: 

(1) IfFi = S 2 , then 

(a) -Fj jCap is homeomorphic to either D 3 or the twisted product 
P 2 xl; 

(b) B( P i,r) is homeomorphic to either D 4 , S 2 x UJ D 2 with \u>\ G 
{1,2}, orP 2 x D 2 ; 

(c) if B( P i,r) is homeomorphic to P 2 x D 2 , then 

(i) the universal cover B( Pi ,r) of B( Pi ,r) satisfies the 
following commutative diagram : 

B(pi,r) —=- ■> S 2 x D 2 



B( Pi ,r) (S 2 xD 2 )/Z 2l 

where the diagonal ^-action is free on the S 2 -factor 
and by reflection on the D 2 -factor, 
(ii) the singular S 2 -bundle structure on B( Pi ,r) in (1)- 
(c)-(i) is compatible with the fibre structures on B int ( Pi , r) 
and A C ap( Pi ;ro,r) induced from f iM and / i)Cap respec- 
tively. 

(2) IfFi =T 2 , then 

(a) -Fj ;Cap is homeomorphic to either S 1 x D 2 or the twisted 
product K 2 xl; 

(b) B( P i,r) is homeomorphic to either D A , S 1 x D 3 , or a D 2 - 
bundle over S 2 , P 2 or K 2 ; 

(c) if B( P i,r) is homeomorphic to a D 2 -bundle over K 2 , then 

(i) the double cover of B( P i,r) is homeomorphic to T 2 x 
D 2 ; 
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(ii) for some m < 7r/L(S p ) ; an 2m-fold dihedral cover 
B'(pi,r) of B(pi,r) satisfies the following commuta- 
tive diagram : 



B' 



(Pi,r) 



T 2 x D 2 



7T 



B(pi,r) 



> (T 2 x D 2 



)/D 2m , 



where the diagonal dihedral D2 m -action is free on the 
T 2 -factor and the action on the D 2 -factor is gener- 
ated by a rotation and a reflection ; 
(iii) the (generalized) Seifert T 2 -bundle structure on B(pi, r) 
in (2)-(c)-(u) is compatible with the fibre structures 
on B int (pi,r) and A cap (pi;r ,r) induced from f iM 
and /j,cap respectively. 



(3) There is a singular fibre structure on B(pi,r) compatible with 
the fibre structures on B int (pi, r) and A cap (pi; r , r) induced from 
f iM and / i)Cap respectively. 

First we investigate 

Case A. p e dX is a regular boundary point, namely, .D(£ p (X)) is 
isometric to 

The argument below provides a parametrized version of collapsing. 
Namely, when (Mf,pi) collapses to a product (Xo x K, xq), then col- 
lapsing phenomenon can be described as a one-parameter family of 
collapsing of 3-manifolds. The local version of this is already proved in 
Section HI 

For sufficiently small R > r > v > 0, from (11270) ~ (TT2~4j) we 
have a decomposition B(pi,r) = £? int (pj,r) U B cap (pi,r) and a map 
fi : B(pi,r) -)■ B(p,r) H suc h that both / ijint and / ijCap are fibre 
bundles. To prove Theorem ll2.2l (l)-(q) and (2)-(a), it suffices to show 
that 

Proposition 12.3. 



Take with d(pi,qi) = R and (pi(qi) G <9X, where (fi : (Mi,pi) — > 
(X,p) is an e^-approximation with limej = 0. Since <ig r flow curves 
are transversal to F iyCap and since (d Pi , d qi ) are regular on dF itCap , F itCap 
is homeomorphic to U r (qi,pi) := dB(qi,R) fl B(pi,r). Now consider 
the convergence (^M^pj) — >■ (F, yo)- Since F contains a line, F splits 
isometrically as F = Yq x M. We may think of a soul 5* of F as a soul of 
F . Let i? ^> -Ri ^ 1 be sufficiently large, and take z G {yo} x R with 




if Fi = S 2 
if Fi = T 2 . 
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d(yo, z o) — Ro an d q% € Mj with d(pi, qi) = 5iR and % —> z . From 
critical point theory, we obtain U r (qi,Pi) ~ U^R^q^Pi), and therefore 

(12.5) Fi )Cap ~ Us iRl (qi,Pi), 

(12.6) dU SiRl {qi,pi) ~F t . 
First we consider 

Case A-I. dimF = 4. 

By Theorem II. 6 | Us lRl (qi,pi) — Ur^Zq^q). Since F has nonnegative 
curvature, Ur^zq^q) is homeomorphic to B(y , R;Y ), by which the 
topology of -Fj cap is determined. 

Lemma 12.4. Suppose that p e <9X zs a regular boundary point and 
dimF = 4. 

(1) // = S 2 , then the soul S is either a point or homeomorphic 
to P 2 , and Proposition \12.3\ holds; 

(2) If Fi = T 2 , then S is isometric to either a circle or a flat Klein 
bottle and Proposition \12.§ holds. 

Proof. If dimS 1 = 0, then B(y , R;Y ) ~ D 3 , which is possible when 
Fi = S 2 . If dim S = 1, then B(y ,R;Y ) ~ S 1 x D 2 , which is pos- 
sible when Fi = T 2 . Suppose dim S = 2. If S is orientable, then 
B(y , R; F ) ~ S x I, which is impossible because dFi is connected. 
If S is nonorientable, then B(yo, R; Yq) is homeomorphic to a twisted 
/-bundle Sxl, which is possible when Fi = S 2 and S ~ P 2 and when 
Fi = T 2 and S ~K 2 . □ 

Case k-\\. dimF = 3. 

By Theorem IU.2I we have a locally smooth, local S^-action on 
B(pi,5iRi) whose orbit space is homeomorphic to B(y ,R 1 ). Let 7Tj : 
B(pi,5iRi) — > B(y ,Ri) be the orbit map. Since Sg 3 (Y) consists of 
parallel lines, with the critical point theory, one can construct such a 
ipi satisfying 

(12.7) U^fapi) - ^\{yo} x B(y ,R i; Y )), 
(recall the construction of ipi in Sections El [7] and [S]). 

Lemma 12.5. Suppose that p e dX is a regular boundary point and 
dimF = 3. 

(1) If Fi = S 2 , then F is homeomorphic to and F itCSip is home- 
omorphic to either D 3 or P 2 xl; 

(2) Suppose Fi = T 2 . 

(a) IfYo has no boundary, then either Yq ~ R 2 and Proposition 
\12.3\ holds, or Yq is isometric to a flat Mobius strip and 
Fi,ca.p is homeomorphic to K 2 xl; 
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(b) IJYq has nonempty boundary, then Y Q is isometric to aflat 
half cylinder and F ic&v is homeomorphic to S 1 x D 2 . 

Proof. Suppose that Y has no boundary. If dimS* = 0, then Y ~ R 2 
and the number m, of singular orbits of ipi over {y } x B(y , Ri] Y ) is 
at most two. I follows that ^^({yo} x B(y , R\\ Y )) is homeomorphic 
to either D 2 x S 1 (if nil < 1) or K 2 xl (if mj = 2), which is possible 
when Fi = T 2 . If dim S 1 = 1, y is isometric to either a flat cylinder or 
a flat Mobius strip. If Yq is isometric to a flat cylinder, then ir^~ ({yo} x 
-B(yo, -Ri; ^o)) is homeomorphic to I x T 2 , which contradicts (112. 6p . If 
Yq is isometric to a flat Mobius strip, then ir^ {{yo} x 5(t/ , -Ri; ^o)) is 
homeomorphic to K 2 xl, which is possible when Fi = T 2 . 

Suppose that dY is disconnected. Then Y is isometric to a product 
E x I. It follows that ir^~ {{yo} x -B(yo, -Ri; Yo)) is homeomorphic to 
IxS 2 , which contradicts (112.61) . Therefore 8Yq is connected. If dim S = 
1, Yq is isometric to a flat half cylinder. It follows from Theorem 18.11 
that 7Tj~ ({yo} x -B(yo, -Ri! ^o)) is homeomorphic to S 1 x D 2 , which is 
possible when Fi = T 2 . If dimS" = 0, Y ~ R 2 and the number rrii of 
singular orbits of ipi over {y } x int B(y , R X ] Y ) is at most one. Hence 
ir^dyo} x B(y , R\\ Yq)) is homeomorphic to either D 3 (if m; = 0) or 
P 2 xl (if mi = 1). □ 

We have just proved Proposition 112. 3[ and hence Theorem 112.21 (1)- 
(a) and (2)-(a). 

Now consider any singular boundary point p G dX. 

Case B. pG dX is any singular boundary point of X. 

From Theorem 112.21 (l)-(a) and (2)-(a), the topology of dB(pi,r) is 
classified as follows: If Fi = S 2 , then 

( S 3 = D 3 U D 3 

(12.8) &B(p;,r)~«l P 3 = D 3 UP 2 xI 

[ P 3 #P 3 = P 2 xIUP 2 xI, 

and if Fi = T 2 , then 

(12.9) 9fi( Pi ,r)~i S 1 x _D 2 U-^ 2 xI 

( K 2 xI{jK 2 xL 

We determine the topology of B(pi,r) under the boundary conditions 
CEMD and ffT2T9|) as follows. 

Proposition 12.6. (1) If Fi = S 2 , then B(pi,r) is homeomorphic 
to either D 4 , S 2 ^^ 2 (|w| G {1,2}) ; or P 2 x D 2 ; 
(2) If Fi = T 2 , then B(pi,r) is homeomorphic to either D 4 , S 1 xD 3 , 
or a D 2 -bundle over S 2 , P 2 or K 2 . 
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Proof. First suppose dimF = 4. If = S 2 , in view of (112. 8p . we can 
eliminate the cases when dim S = 1 or S is a flat surface, and obtain 
(1). In the case of F^ = T 2 , it suffices to eliminate the case when S is 
isometric to a flat torus. This is done in the following 

Sublemma 12.7. If p 6 dX 2 and Fi = T 2 , then B(pi,r) cannot be 
homeomorphic to a D 2 -bundle over T 2 . 

Proof. Suppose that B(pi, r) is homeomorphic to a _D 2 -bundle over T 2 . 
Then dB(pi,r) is an S^-bundle over T 2 , and hence T := ni(dB(pi,r)) 
is nilpotent. On the other hand, it follows from (112.91) that dB(pi, r) ~ 
K 2 xl U K 2 xL By Van Kampen's theorem, T is isomorphic to a form 
Ai *j2 A2, where Aj ~ 7ti(K 2 ) and is considered as the Z 2 -extension of 
Z 2 . Let 1 : Ai — > Ai * A 2 be a natural inclusion and 7r : Ax * A 2 — > T the 
projection. Then 7r o t : Ai — > T is an injective homomorphism. Since 
7Ti(ii' 2 ) is not nilpotent, this is a contradiction. □ 

Next suppose dim!" = 3. Then in view of (I12.8p . (ll2.9p together 
with dim Y (00) > 1, Theorem 19 . 1 1 yields the conclusion. □ 

We have just proved Theorem 112.21 (l)-(b) and (2)-(b). 

Next we show Theorem 112.21 (l)-(c). Suppose B(pi,r) ~ P 2 x D 2 , 
and let Tj be the deck transformation group of the universal cover 7r,; : 
B(pi,r) —> B(pi,r). Take a sequence — > such that {—B{p i: r),pi) 

converges to (K p , o p ). We may assume that (—B(pi, r),pi, Fi) converges 
to a triplet (Z 2 , zo, T). If Z 2 had nonempty boundary, then we would 
have a contradiction to Theorem 112.21 (l)-(b) since B(pi, r) ~ S 2 x D 2 . 
Therefore Z 2 must be isometric to a flat cone without boundary and 
r ~ Z 2 . It follows from Z 2 /T = K p that the action of V on Z 2 
is by reflection. Let A(pi;r /2,r) := 7f^ 1 (A(p i ; r/2, r)). By Equi- 
variant Fibration Theorem 118.41 we have a Z 2 -equivariant S^-bundle 
A(pi',r/2,r) — >■ ^(2:0; r/2, r) and hence a Z 2 -equivariant homeomor- 
phism r/2, r) ~ 5* 2 x A(zo; r/2, r), where Z 2 acts diagonally on 
S 2 x A(z ;r/2,r); freely on the ^-factor and by reflection on the 
A(zq ; r/2, r)-factor. Therefore A(pf, r/2, r) is homeomorphic to the di- 
agonal quotient (5* 2 x A(z ; r/2, r))/Z 2 . Finally we fill B(p i ,r/2) with 
an obvious gluing by P 2 x D 2 ~ (5 2 x D 2 (r /2))/Z 2 . We therefore ob- 
tain B(pi,r) ~ (S" 2 x D 2 )/Z 2 . This completes the proof of Theorem 

H2J(i)-(c). 

In view of Theorem 111.11 (2), the proof of Theorem I12.2( 2)-(c) is 
similar and hence omitted. 

Finally we show Theorem 112.21 (3). 

Lemma 12.8. B(pi,r) is homeomorphic to B cap (pi,r) . 

Proof. For a sufficiently small fi z/, take a /x-net of <9AT D B(p, r), 
and let A^ j be a subset of converging to N^. Using the flow curves 
of djsi . , one can easily prove the lemma. □ 
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Let us denote the two fibres of /j )Cap in (112.4j) by Fj jCap and F( cap . 
We call the topological types of the triplet {B(p iy r); Fj iCap , Fj iCap ) the 
£/ie collapsing data around p^. 

Using the topological information on B cap (pi,r) ~ B(jpi,r) given in 
(l)-(b) and (2)-(b), we can define a compatible singular fibre structure 
on B cap (pi,r) by extending the fiber structure on dB cap (pi,r) by cone, 
which is indicated below in terms of the collapsing data. 



Case A. F i = S 2 . 



(1) 



(2) 



> 4 ;D 3 ,D 3 ) 



(S' 2 x ±1 D 2 ;D 3 ,D 3 ) 



(3) 



(4) 



(S 2 x ±2 D 2 ;D 3 ,P 2 xI) 



(P 2 x D 2 ;P 2 xI,P 2 xI) 



Case B. F i = T 2 . 



(5) 



(6) 



> A - ) S 1 xD 2 ,S 1 xD 2 ) 



1 xD 3 ;S 1 xD 2 ,S 1 xD 2 ) 



(7) 



(8) 



(S 1 xD 3 ;S 1 xD 2 ,K 2 xI) (S 2 x UJ D 2 ;S 1 xD 2 ,S 1 xD 2 ) 
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(9) 



(10) 



(P 2 x D 2 ;S 1 xD 2 ,K 2 xI) 



( a D 2 -bundle over K 2 ;K 2 xI,K 2 xI) 



This completes the proof of Theorem 112.21 (3). 

In the cases of (1), (4) and (6) in the above list, B cap (pi,r) has a 
product fibre structure. More precise fiber structures for the cases of 
(4) and (10) are described in Theorem I12.2f l)-(c) and (2)-(c) respec- 
tively. The examples of collapsing related with (5) and (7) are given in 
Examples [T2A01 and [T2TT21 

To finish the proof of Theorem 1X2. Ij. it suffices to show the following 

Lemma 12.9. Ifp G dX is not an extremal point of X , then B cap (pi, r) 
has a product F iiCaiP -fibre structure over I compatible with those of 
B mt (pi, r) and A cap (pi; r , r). 

Proof Since both B int (pi, r) and A cap (pi; r , r) depend on z/, we rewrite 
them as Bi nttU (pi, r) and A cap ^(pi] r , r) respectively. We have an obvi- 
ous homeomorphism 

A C3 , P)U (pu r ,r) - int A caPtU/2 (pi; r , r) ~ (Fi x / x dl) x I. 

In a way similar to Lemma 14.111 we have 



together with a flow giving the above product structure (112.101) on 
A cap u / 2 (pi;r ,r) (compare also the argument in Section [S]). This pro- 
vides a trivial Fj-bundle £i on dA caVjl> / 2 (pi] r , r) ~ Fi x I x dl x {1}. We 
also have the trivial Fj-bundle £o on dA caPtU (pi] r , r) ~ FiXlxdlx {0}. 
For any (x,u) G FiXlxdIx{l}, let t(x, m)gR denote the parameter at 
which the flow curve (f>[ X)U ) starting from (x, u) meets the fibre F(^\) u of 
£i over it. Note that the fibres F(£i) u are not compatible with the fibres 
9Fj ;Cap . Then (p s (x,u) := <fir X;U )(st(x,u)), < s < 1, presents a one- 
parameter family of homeomorphisms ip s of Fj x I x dl. Define a home- 
omorphism $ of F x I x dl x I by $(x, u, s) := ((p s (x, u),s). This gives 
a one-parameter family of trivial Fj-bundle joining £o and £i, which 
defines the required product Fj )Cap -fibre structure on B C3iP (pi,r). □ 

Example 12.10. Let T 2 = SO(2) x SO (2) act on D 2 x D 2 by 

(e i<p ,e ie ) ■ (r ie iai ,r 2 e ia2 ) = ( ri e i{ai+miV+nie \r 2 e i{a2+m2V+n2e) ), 
where we assume 



(12.10) 



.4, 



c a p,u/2(Pi;r ,r) ~ Fi 



x I x dl, 



nil 

n± n 2 
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to make the action effective. Then we have a sequence of metrics ^ 
on D 2 x D 2 of nonnegative sectional curvature such that (D 2 x D 2 ,gi) 
collapses to I x I. In this case, we have the same collapsing data as 
(5). 

Example 12.11. By gluing T 2 -equivariantly suitable two T 2 -action on 
D 2 x D 2 as described in Example I12.1U[ one can construct an T 2 -action 
on S 2 x bJ D 2 for any u with the orbit space homeomorphic I 2 having 
two fixed points on dl 2 (see [16]). 

To be more explicit, let us restrict our attention to the case ui — 1. 
Let E be an M. 2 - vector bundle over S 2 with a fiber metric such that the 
unit disk-bundle E\ = S 2 XiD 2 {l) C E has boundary homeomorphic 
to S 3 . For any r > 0, we have a faithful T 2 -action on d(S 2 xD 2 (r)). 
This induces the T 2 -action on E with E/T 2 ~ I x [0, oo). For a T 2 - 
invariant metric g on Ei, we have a sequence of metrics ^ on such 
that (Ei, g>j) collapses to (Ei/T 2 , g). In this case for any extremal point 
p G dl x [0, oo), B(pi,r) ~ .D 4 with the same collapsing data as (5). 

Example 12.12. In the product D 2 x R 2 , identify (x, t) and (x*, f) for 

any x G dD 2 and t G M 2 , where x* and i' denote the antipodal point 
of x* and the image of t by a reflection respectively. We consider the 
resulting identification space D 2 x M. 2 / ~, which is an M 2 -bundle over P 2 
denoted P 2 x IR 2 . Let g^ and hi be sequences of rotationally symmetric 
nonnegatively curved metrics on D 2 and M 2 such that (D 2 ,gi) and 
(M 2 , o, hi) converge to I and [0, oo) respectively. Then the product 
(D 2 x M. 2 ,gi x hi) gives a nonnegatively curved metric ki on P 2 x M. 2 
such that (P 2 x Q M. 2 ,o,ki) collapses to the product / x [0, oo). For the 
extremal point p G d(I x [0, oo)) corresponding to dD 2 x 0, B(jpi, r) is 
homeomorphic to a D 2 -bundle over Mo, that is S* 1 x D 3 , and has the 
same collapsing data as (7). 

Problem 12.13. Determine if there exists a sequence of collapsed met- 
rics on a D 2 -bundle over S 2 or P 2 with a definite lower sectional cur- 
vature bound having the same collapsing data as (2), (3), (8) or (9). 

13. Classification of collapsing to noncompact 
two-spaces with nonnegative curvature 

Let a sequence of pointed complete 4-dimensional orientable Rie- 
mannian manifolds (Mf,Pi) with K > — 1 collapses to a pointed com- 
plete noncompact 2-dimensional Alexandrov space (Y 2 ,y ) with non- 
negative curvature. In this section, using the results of Sections [TD] [TP 
and [T21 we classify the topology of a large metric ball B(pi, R) in terms 
of geometric properties of Y 2 . The classification result will be used in 
the next section to describe the phenomena of orientable 4-manifolds 
collapsing to a closed interval. 

Applying Theorems 10.61 and 112.11 to the convergence [Mf,Pi) — > 
(Y 2 ,y ), we have a singular fibration 7Tj : B(pi,R) — > B(y ,R) with 
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general fibre Fi, either S 2 or T 2 , where R is a large positive number. 
Actually, we have such a singular fibre structure on a small pertur- 
bation of B(pi,R), which is homeomorphic to B(pi,R). Let rn.j and 
Hi denote the numbers of singular fibres of 7Tj : B(pi,R) —> B(y ,R) 
over B(y , R) fl int Y and over B(y , R) PI <9F respectively. From the 
classification of Alexandrov surfaces with nonnegative curvature (cf. 
[12]) together with Theorems 10.61 and 112.1] if Y has no boundary, then 
vrti < 2, and if Y has nonempty boundary, then < 1, 7ij < 2 and 
the possible cases are 

K,^) = (0,0), (0,1), (0,2), (1,0), 

in the latter case. Note also that m ; = if F{ = S 2 . 

Theorem 13.1. Under the situation above, the topology of B(p il R) 
can be classified as follows: 

Case /. dimY(oo) = 1. 

(1) Suppose Y has no boundary. 

(a) IfF i = S 2 , B{p h R)~D 2 xS 2 ] 

(b) IfF i = T 2 , B(p u R)~D 2 xT 2 . 

(2) Suppose Y has nonempty boundary. 

(a) If Fi = S 2 , B(pi,R) is homeomorphic to either D 4 , S 2 x UJ D 2 
with \u\ G {1,2} orP 2 x D 2 ; 

(b) If Fi = T 2 , B(pi,R) is homeomorphic to either D A , S 1 x 
D 3 , or a D 2 -bundle over S 2 , P 2 or K 2 . 

Case//. dimy(oo) = 0. 

(1) Suppose Y has no boundary. 

(i) IfY ~ M 2 , then the following holds : 

(a) If Fi = S 2 , B(pi,R) is homeomorphic to the space in 
Case /-(l)-(a) ; 

(b) If Fi = T 2 , B(pi,R) is homeomorphic to either the 
space in Case I-(l)-(b), or an I -bundle over T 2 xS l , 
a twisted S 1 -bundle over T 2 doubly covered by T 3 . 

(ii) // Y is isometric to either a flat cylinder or a flat Mobius 
strip, then B(pi,R) is homeomorphic to an I-bundle over 
an Fi-bundle over S 1 . 

(2) Suppose Y has nonempty boundary. 

(i) IfY ~ R 2 ^, then the following holds: 

(a) If (mi,n») = (0,2), then B(pi,R) is homeomorphic 
to a gluing of two disk-bundles, denoted Nj 3 xD A ~ kj , 

j = 1,2, over kj- dimensional closed manifolds Nj J 
with nonnegative Euler numbers, where < kj < 
2. The gluing is done along one of D 3 , P 2 xl (if 
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F t = S 2 ), and one of S 1 x D 2 , K 2 xl (if Fi = T 2 ), 
imbedded in the boundaries of xD 4 ~ kj ; 
(b) If (mi, ni) = (1,0), then B(pi,R) is homeomorphic 
to one of the gluings: 

S 1 x D 3 |J T 2 x D 2 , K 2 xD 2 (J T 2 x D 2 . 

T 2 x/ T 2 x/ 

(ii) // K is isometric to a flat half cylinder, then the following 
holds: 

(a) If Fi = S 2 , B(pi,R) is homeomorphic to either S 1 x 
D 3 or an I-bundle over a S 1 x P 2 ; 

(b) If Fi = T 2 , B(pi,R) is homeomorphic to either D 2 - 
bundle over T 2 or K 2 , or an I-bundle over a K 2 - 
bundle over S 1 . 

(iii) If Y is isometric to a product I x R, then the following 
holds: 

(a) If Fi = S 2 , B(pi, R) is homeomorphic to either S 3 xl , 
P 3 x I or (P 3 #P 3 ) x J; 

(b) // Fi = T 2 , B(pi,R) is homeomorphic to a form 
(U 3 U V 3 ) x I, where U 3 and V 3 are ones of S 1 x D 2 
and K 2 xl , and U 3 U V 3 denotes a gluing along their 
boundary tori. 

Proof. In Case I-(l), Y is homeomorphic to M 2 and has at most one 
essential singular point. In Case I- (2), there are no essential singular 
points in int Y and at most one extremal point on 8Y . Hence the 
conclusions are the direct consequences of Theorems 10.61 and 112.11 

In Case II-(l)-(i), in view of Case I-(l) and Theorem 10.61 we may as- 
sume that Fi = T 2 and = 2. Therefore Y is isometric to the double 
D(I x [0, oo)) for some closed interval /. Split B(y , R) with a proper 
segment into two closed domain B\ and B2 each of which contains one 
of the two essential singular points of Y. Applying Theorem 111.11 to 
each Bj, we have 

B(p u R) ~ T 2 x D 2 (J T 2 x D 2 . 

IxT 2 

But actually int B(pi, R) is homeomorphic to the complete flat manifold 
defined as the Z 2 -quotient of T 2 x S 1 x R by an involution, where the 
action of Z 2 is diagonal, free on T 2 , and orientation reversing on both 
factors S 1 and R. Therefore B( Pi ,R) ~ ((T 2 x S l )/Z 2 )xl. 

Consider Case II- ( 1 )- (ii) , the case of dimS* = 1. Obviously B(pi,R) 
is an Fj-bundle over B(yo,R), and the conclusion follows. 

Next consider Case II-(2)-(i). If (mi, rij) = (0, 2), then Y is isometric 
to / x [0, 00) for some closed interval I. Split B(y Q , R) with a proper 
segment into two closed regions B\ and B2 each of which contains one 
of the two extremal points in dY. Applying Theorem 112.11 to each Bj, 

92 



we obtain the required gluing. If (rn.j,nj) = (1,0), then Y is isometric 
to D([0, oo) x {x > 0}) f]{x < a} for some a > 0. By a similar cutting 
and pasting argument, we obtain the required gluing. 

Consider the cases II-(2)-(ii) and (iii), the cases of dimS 1 = 1 and dY 
being disconnected respectively. By Theorem 112.11 together with the 
facts that the mapping class group Ai(P 2 ) of all homeomorphisms of 
P 2 is trivial and M.+(K 2 xI) = M(K 2 ), we obtain the conclusions. □ 

We are in a position to prove Theorem l0.9l Let us consider a sequence 
of 4-dimensional closed orientable Riemannian manifolds Mf with K > 
—1 converging to a 1-dimensional closed interval X 1 . Let {p, q} := dX 
and take pi and in Mf with pi — > p and qi — > q. By Fibration 
Theorem 11.21 Mf is homeomorphic to a gluing 

B(j>i,r)\jB(q i} r) } 

for any sufficiently small positive number r and any large i compared to 
r, where dB{p il r) ~ 8B{q il r) is homeomorphic to one of the closed 3- 
manifolds given in Theorem l0.8l Now we consider the local convergence 
B(pi,r) B(p,r). By Theorem 14.11 we have sequences 5i — > and 
pi —t- p such that 

(1) for any limit (Y,y ) of (j-Mi,pi), we have dimF > 2; 

(2) B(pi,r) is homeomorphic to B(pi,R5i) for every R > 1 and 
large i compared to R. 

Applying Theorems 19.11 and 113. II to the new convergence (J-Mj,pi) — )■ 
(Y, y ) together with the boundary condition stated above, we can de- 
termine or classify the possible topological type of (pi,r) as: 

Theorem 13.2. If p e OX 1 , then B(p u r) is homeomorphic to a disk 
bundle over a k-dimensional closed manifold N k with < k < 3, or 
a gluing of two disk-bundles over kj -dimensional closed manifolds Q hj , 
j = 1,2, with < kj < 2, where N k and Q kj have nonnegative Euler 
numbers, and if k = 3, N 3 is one of the closed 3-manifolds given in 
Theorem \0.8\ . 

We have a similar topological information on B(qi,r). This com- 
pletes the proof of Theorem 10.91 

In the situation of Theorem 10.91 the author does not know a specific 
example of a closed 4-manifold built of gluing of three or four pieces of 
disk-bundles which admits a sequence of metrics collapsing to a closed 
interval under K > — 1. In view of Proposition 19.151 one of typical 
problems arising from the results of the present paper is the following: 

Problem 13.3. Letting M 4 be either S 2 x S 2 #S 2 x S 2 or the connected 
sum of three or four pieces of ±CP 2 , determine if M 4 admits a sequence 
of metrics collapsing to a closed interval under K > — 1. 
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Part 2. Complete Alexandrov spaces with nonnegative 
curvature 

In Part [2J we develop the geometry of complete Alexandrov spaces 
with nonnegative curvature. Most of them are needed in Part [TJ In 
particular, we establish the Generalized Soul Theorem 12.61 

Throughout this part, let X be an n-dimensional complete Alexan- 
dov space with nonnegative curvature. We assume X to be either 
noncompact or having nonempty boundary. Applying the Cheeger- 
Gromoll basic construction, we obtain a sequence of finitely many 
nonempty compact totally convex sets of X: 

(13.1) C(0) D C(l) D C(2) D ••• D C(k), 

with S = C(k) as in Section [2] except that C(0) coincides with the 
minimum set of d(dX, ■ ) if X is compact. 

From the construction, we have the filtration {X t }o< t <t t , t* < oo, 
by compact totally convex subsets such that 

(1) X s = {xeX t \ d(x, dX l ) > t - s} for s < t; 

(2) the closure of U 0<t<t X 1 coincides with X; 

(3) X° = C. 

Note < oo if and only if X is compact. 

14. Local regularities 

In this section, we are concerned with three local regularity proper- 
ties of X. 

We begin with a more general situation described as follows: Let X 
be an n-dimensional complete nonnegatively curved Alexandrov space, 
and suppose X has a filtration {A"*}o<t<t» by closed totally convex 
subsets satisfying the same conditions as (1), (2), (3) above, which is 
determined by a convex function p with minimum in such a way that 
X\ = {p < t}, where £* is the supremum of the values of p. However 
we do not assume that each X\ is compact here. Put C* := X° and let 
us assume dim C* = n — 1 . 

A point x G C* is called a one-normal point (resp. two-normal 
point) if there exists exactly one (resp. two) geodesic ray(s) from x 
perpendicular to C*. Note that each point of C* is either a one- normal 
point or a two- normal point (see |43j). 

Proposition 14.1. Under the hypothesis above, suppose thatp G int C* 
is a topologically nice point of X n . Then 

(1) E p (X) is isometric to the spherical suspension over £ p (C*); 

(2) p is a two-normal point. 

Proof. In view of Proposition 12. 1\ it suffices to show only (2). This is 
done by induction on n. Under the convergence (~X,p) —> (K p ,o p ) 
as r — > 0, the filtration {Xl} < t<tt gives rise to a filtration {A*} <t<oo 
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with Kp = K p (C*) satisfying the same conditions as (1), (2), (3) above. 
This is done as follows. Let be the limit of mp under the convergence 
(mX,p) — > (K p ,o p ), m — > <x>. Then K l p = {p^ < t}. By Proposition 
EH K° = K P (C*). Obviously 

£ P (C*) = £ P (C*) x 1 c K P (C*) C K P {X). 

We show that any point v of £ P (C*) is a two- normal point of K P (C*). 
Note that K V (K P X) = JR x K V (T, P X) and that K V (H P X) has a filtration 
{K*} <i<oo with = K V (E P C*) satisfying the conditions as above. 
From the assumption, S^(E p X) ~ S n ~ 2 and v is a topologically nice 
point of S p (X). Thus we can apply the induction hypothesis to the 
filtration {Kl} < t<oc to conclude that v = o v is a two- normal point of 
^(SpC*) and therefore of i^p(C*). 

Now suppose that o p is a one-normal point of K p (C*) with a unique 
direction £ G S P (X) normal to E p (C*). From the previous argument 
together with Proposition I2.1[ S^(S P X) is a double cover of E P (C*). 
In particular 7ri(E p (C*)) = Z 2 . Furthermore £ P (C*) is a deformation 
retract of S p (X) — int -B(£, e) for a small e > 0. However by the as- 
sumption, S P (X) — int-B(£,e) ~ D™ 1 ^ 1 , a contradiction. □ 

For a subset DcC», A/"(Z?) denotes the union of all the geodesic rays 
starting from the points of D perpendicularly to C*. By Propositions 
12.11 and 114.14 if -D C int and if any point of D is topologically nice 
in X, then N(D) is a line-bundle over D. 

Now we go back to our situation in (113. II) . For simplicity we put 
C:=C(0). 

Let us first assume that DC is nonempty. For a small e > 0, consider 
the following function 

f e (x) = d(C e ,x) 

on X — C e , where 

C e = {x eC\d{dC,x) > e}. 

The local regularity property we next study is related with the regu- 
larity of f e . Note that the critical point set of f e is contained in dC. 

Let p e dC be given. In view of the convergence (|X, p) — > (K p , o p ), 
the following lemma is obvious. 

Lemma 14.2. For any p G dC there exist positive numbers e p , 5 P and 
c p > 1 such that 

B(p,5)ndCc{e/2<f e <c p e} 

for every 5 < 5 P and e with e/5 < e p . 

From the filtration {X'} 4 >o, we obtain the filtration {Kp} t >o, satis- 
fying the same conditions as (1), (2), (3) in the begining of Part [21 of 
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K p by totally convex sets, in a way similar to the proof of Proposition 
114.11 Let Coo be the limit of C under the above convergence and 

Cooe = {X G Coo | d(<9Coo, X) >€}, 

which is the limit of mC e / m . Note that does not necessary coincide 
with because of p G dC. 

We shall also consider the function 

foceipc) d{C ooe ^x)^ 

on K p — Coo e , where 

Cooe = {X G Coo | rf(9Coo, X) > e}. 

Lemma 14.3. Suppose dimX = 4 and dimC G {2,3}. Then for any 
p G dC and c > c p , there exist positive numbers e P)C! 5 P:C and fi p such 
that for every 8' < 8 < S P}C and e with e/8' < e PjC 

(1) (f e , dp) is regular on {5' < d p < 5, e/2 < f e < ce}-B(dC, e/100); 

(2) (/ € , d c ) is regular on {d p < 5, e/3 < f e < 2e/3, < d c < /i p e}; 

(3) (f e ,d p ,dc) is regular on {5' < d p < 5, e/3 < f t < 2e/3,0 < 
dc < /Upe}- 

Proof. Under the convergence (|X, p) — >• (K p ,o p ), C$ e , f$ e , d p and dc 
converge to Coo e , foot, d Qp and dc x respectively. Therefore it suffices to 
show that 

(1) ' (fooe,d 0p ) is regular on {5' < d Qp < l,e/2 < f^ < ce] - 

5(^00,6/100); 

(2) ' (fooe,d c J is regular on {d 0p < 1, e/3 < f xe < 2e/3, < d c < 

/^}; 

(3) ' (/» £ , d Qp , d Coo ) is regular on {5' < d Qp < 1, e/3 < /oo £ < 2e/3, < 

d Coo < /i P e}- 

First suppose dimC = 3. We show (1)'. For every x G {5' < d Qp < 
I, e/2 < /oo, < ce} - ^(^Coce/lOO), let y G OC^, z G dC^ and 
n G Cqo be nearest points of dC^, of <9Coo and of Coo respectively 
from x. Note that 

\Zo p xy -tt/2\ <r(S',e/8'). 

We must show that 

ZopXW > 7r/2 + c, Zyxw > ir/2 + c, 

for some point w, where c is a uniform positive constant not depending 
on e. Letting a be a point on the ray from o p through x with d(o p , a) > 
d(o p , x), we obtain Zyxa > tc/2 — r(5', e/8'). 
We consider the following three cases. 

Case 1. d(z,u) > e/1000. 

Let b G <9Cqo and v G Cqo be such that d(o p , b) = d(o p , z) + d(z, b) 
and zbvu forms a square in Coo- Now observe that the normal bundle 
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TVfmtCoo) over intCoo is naturally imbedded in K p . Let Zi, b\ and v\ 
be points in Tv^intCoo) such that uzbvxz\b\V\ forms a parallelepiped 
in A/"(int Coo). Then we have 

Zyxbi > 7r/2 + Ci, Zo p xbi > n/2 + ci, 

for some uniform constant c\ > 0. This implies that (/ e , d 0p ) is (ci, r(5', e/S'))- 
regular at x. 

Case 2. d(z,u) < e/1000 and 2xw2 > 1/100. 

Let x\ be the point on xy n A/"(Coo) such that Zyux\ = tt/2 (x\ = x 
if z ^ u). Take t> G A/^Cqo) such that d(iz, u) = d(/u, Xi) + c?(xi, u) and 
d(x,Xi)/d(v,x) is sufficiently small. Then Zwx-i; > 7r/2 + C2. Let w be 
a point such that w' x is a midpoint between v' x and a^. Then we have 

Zzxw > n/2 + c' 2 , Zo p xw > 7r/2 + c' 2 , 

for some uniform constant c' 2 > 0. This implies that (/ e , d Qp ) is (c, r(5', e/ o"'))- 
regular at x. 

Case 3. < e/1000 and Zxyz < 1/100. 

Note that z = u in this case. Let <5i be a small positive number, and 
let Rs 1 denote the set of (4, <5i)-strained points in dCoo fl B(o p , 1). By 
Lemma 1.8 of [4T] . we have the following sublemma. 

Sublemma 14.4. There is a small e > so that for every x G B(Rs 1 , e) 
and 2 G <9Coo u>rfa d(x, z) = d(x, 00^), there exists a point v satisfying 
Zzxv > 7T — 8\. 

Now suppose that the required regularity property does not hold in 
Case 3. Then we have a sequence Cj of positive numbers tending to 
and a sequence x { G {e^/2 < < ce*, 5' < d Up < lj-I^dCoo, ei/100) 
such that 

ZopXiW < 7r/2 + Oj, or ZyiXiw < n/2 + Oi 

for any point u>, where G (Cqo)^ and G <9Coo denote nearest points 
of (Cqo)^ and of from Xj respectively, and limoj = 0. Passing to 
a subsequence, we may assume that (—K p ,Xi) converges to a pointed 

nonnegatively curved Alexandrov space (X, Xqo). There exists a filtra- 
tion {X*} t > of X by totally convex subsets induced from {K p } t >o as 
before. Note that X° is not necessary the limit of C^. Let Ooo G X(oo), 
G I and 2 m 6 I are the limits of o p , yi and Zj respectively. If 
d(x oo ,X ) > 0, letting t be such that Xoo G 9X*°, we can find a point 
u> G X — X'° such that 

ZOooXooW > 7T/2, Zy^XooW >tt/2 + c, 

for some c > 0. Now it is possible to take t«i near w such that 

Zo^XooWx > 7T/2 + C X , Zz 00 X 00 W 1 >7l/2 + C 1 , 
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for some c\ > 0. This yields a contradiction. 

Thus we may assume that Xoo G X°. Since this implies z^ G int A , 
there are exactly two directions at normal to X° (see Proposition 
114. ip . Since we may assume that lim /.XiZiUi = tc, it follows that z^ is 
a (4, 0)-straind point. Therefore Zi G R$ 1 for large i. From the choice 
of e, it is possible to take Vi satisfying ZziXiVi > tt/2 + C3 for large i. 
Obviously ZyiXiVi > tc/2 + c 3 /2. Taking Wi as in Case 2, we would 
obtain the regularity of (f e ,d ) at x i: a contradiction. 

(2)' follows from the existence of N(Cao)- (3)' follows from (2)' and 
the idea of the proof of (1)'. Therefore the details are omitted. 

Next suppose dimC = 2. In this case, Sublemma 114.41 obviously 
holds, and similar arguments applies. Therefore the details are omitted. 

□ 

The last local regularity property is a purely metric one on the tan- 
gent cone. The following Proposition is also important in the proof of 
Theorem 12.61 

Proposition 14.5. Let A 4 be a A- dimensional complete Alexandrov 
space with nonnegative curvature, and C(i) as in (113. ip . < i < k. 
If p G intC(z) is a topological regular point of X A , then X P (X 4 ) is 
isometric to the product of K p (int C(i)) and a Euclidean cone. 

Proposition 114.51 is true for the 3-dimensional complete open Alexan- 
drov spaces with nonnegative curvature (see [43J ) . 

Conjecture 14.6. Proposition 114.51 is true for every complete Alexan- 
drov space with nonnegative curvature if p G int C (i) is a topological 
regular point of X n . 

Remark 14.7. Let X be the Euclidean cone over the round sphere S n of 
diameter < n. For a great sphere 5 1 ™ -1 of S n , the subcone K C X over 
S 1 ™ -1 is a locally convex set of X. This shows that Proposition [T?2] does 
not hold for a general locally convex set S. The following example also 
shows that Proposition 114.51 does not hold for a topological singular 
point p. 

Example 14.8. Let 7 be the isometric involution on S 2 (l) xl 2 defined 
by 7(3;, t) = (R 7T (x), —t), where R n denote a rotation by angle it. Then 
X 4 = S 2 (l) x M 2 /7 is a complete Alexandrov space with nonnegative 
curvature with soul S isometric to the spherical suspension over S^. 
Let p G S be one of the two topological singular points of A 4 . Then 
E p (A 4 ) is isometric to the projective space of constant curvature 1, 
and the conclusion of Proposition 114.51 does not hold in this case. 

For the proof of Proposition I14.5[ we may assume dimC(i) = 2. Let 
E := S p (intC(z)) and 

Si := {6 G S p (A) I Z(£i,£o) = vr/2 for any £ G S }. 
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From the construction of the soul S together with Proposition 12.11 
every £ G E P (X) lies on a minimal geodesic from a point of E to 
a point of Ex. Thus every element of K p {X i ) lies on an infinite flat 
rectangle isometric to [0, oo) x [0, oo) spanned by some pair of elements 
of E and Si. 

Proof of Proposition \14-5\ We have to show that K P (X 4 ) is isometric 
to the product if(Eo) x if(Ei), in other words, E P (X) is isometric to 
the spherical join Eo*Ei. In view of the previous observation, it suffices 
to show that there exists a unique minimal geodesic from each point 
£o £ E to each point £i G Ei. Suppose that there are two minimal 
geodesies joining £ an d £i with directions, say v G E^ (E p (X)) and 
«nC E,,(E / ,(.V)). 

Let c(t), < i < £ = L(E p (int C(i))), be the arc-length parameter 
of E p (intC(i)) with c(0) = £o- The direction vq define a parallel field 
v t along c(t) such that vo, v t and c| [o,t] span a totally geodesic triangle 
surface of constant curvature 1 with vertices £o, c(t) and £i. Similarly 
wo define a parallel field u> 4 along c(t). 

First suppose that t>^ = Vq and ti^ = Wq. Then it turns out that 
the surface E^(E P (X)) ~ S* 2 with curvature > 1 contains two disjoint 
closed geodesies of length £, which is impossible. 

Thus we may assume that v e ^ v q. Note that (H p (X)) is isometric 
to a product K X C\, where C\ is a 2-dimensional Euclidean cone over 
a circle, say S\, and the R-factor is given by E x . Let v and vt be 
directions at £i given by the minimal geodesies to £o with directions 
t>o and vt at £ respectively. Let v t £ Si, < t < £, be the parallel 
field joining v and ^ determined by the geodesies joining £ to £i with 
directions f 4 . Let v t , £ < t < £ , be a unit speed geodesic joining ^ 
to Vq in 5*J, such that {vt}o<t<e a forms the closed geodesic S[. Let 
c{t) G E P (X) denote the point on the geodesic with direction v t such 
that d(£x,c(t)) = 7r/2. It is easy to see that c(t) = c(t) mod £Z and 
that t>£ = Vq. In particular, £ = n£ for some integer n > 2. Thus we 
have a singular surface F in S P (X) spanned by the geodesies from c(t) 
to £i with directions ff, < t < n£. Let D be a small disk in F — Eo 
around £i. Note that Eo is a deformation retract of F — intD. Let 
a G 7Ti(F — intD) ~ Z be the homotopy class defined by dD, which 
is the n-th power of a generator of 7Ti(F — int-D). Let c\ be a path 
intersecting F with a unique point in intD. From the construction of 
F, it is possible to join the endpoints of c\ by a path C2 in S p (X) — F . 
Let if denote the knot defined as the composition c\ and c 2 . We set 
T := 7Ti(E p (X) — K) and consider the homomorphisms 

tti(F — int D) T iJi(E p (X) — K) = T/[T, T] ~ Z, 

where p is the natural homomorphism. The above discussion implies 
that ^0^(0;) = mod nL. However since z*(a) is one of the generators 
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of a Wirtinger presentation of T, p o i^{a) is a generator of Z (cf.[H]). 
a contradiction. This completes the proof of the proposition. □ 

15. Soul Theorem in dimension four I 

Throughout this section, let X be a complete open Alexandrov space 
with nonnegative curvature. 

Conjecture 15.1. Suppose in addition that X is topologically nice. 
Then there exists a positive number e such that 

(1) X is homeomorphic to int B(S, e); 

(2) B(S, e) is homeomorphic to a disk-bundle over S, called the 
normal bundle of S. 

Conjecture 115. H is certainly true for n = 3 ([13]). Theorem 12.61 asserts 
that the conjecture is also true for n = 4. The purpose of Sections [15] 
and [11] is to prove Theorem 12. 61 

The assumption on the topological niceness of X is essential in Con- 
jecture 115.11 

Example 15.2. (1) Let S*(E) and denote the spherical sus- 

pension and the half of the spherical suspension of E respec- 
tively, and let E 3 denote the Poincare homology 3-sphere. Then 
the gluing A 5 of S + (S(E 3 )) and S(E 3 ) x [0, oo) along their 
boundaries is a complete open Alexandrov space with nonneg- 
ative curvature. Note that X 5 is homeomorphic to M. 5 and the 
soul of it is a point. However for any e > 0, B(S, e) is not 
homeomorphic to D 5 but to the closed unit cone A^S^E 3 )) 
over S^E 3 ). 

(2) Let X 5 be as in (1) above. Then S 1 x X 5 is a complete open 
Alexandrov space with nonnegative curvature whose soul is a 
circle. Note that S 1 x X 5 is topologically regular. However 
for any e > 0, B(S, e) is not homeomorphic to S 1 x D 5 but to 
S 1 x ^(^(E 3 )). 

Example 115.21 (1) (resp. (2)) shows that the topological niceness 
assumption in Conjecture 115.11 cannot be weakened by the assumption 
that X being a topological manifold (resp. being topologically regular) 
at least in dimension > 5 (resp. > 6). Of course, Conjecture 115.11 is 
metric by nature. The topological version of Conjecture 115.11 is 

Conjecture 15.3. Let A be a complete open nonnegatively curved 
Alexandrov space, and suppose that A is a topological manifold. Then 
it is homeomorphic to a small neighborhood of a soul S of it which has 
the structure of open disk-bundle over S. 

Example 115.21 tells us that the small neighborhood of S required in 
Conjecture 115.31 never be a metric one in general. 
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For simplicity we denote by SC n ^ Conjecture 115.11 for n = dim A 
and k = dim S. From Proposition 114.11 Conjecture 115.11 is true in the 
case of dimS" = n — 1: If dimS 1 = n — 1, then A is isometric to the 
normal bundle N(S) with the canonical metric. 

For dim S — 1 , we have 

Lemma 15.4. If the conjecture SC n -i^ is true, then 5C n> i is also 
true. 

Proof. Let X n be an n-dimensional complete open Alexandrov space 
of nonnegative curvature which is topologically nice. Applying the 
splitting theorem to the universal covering space of X n , we see that X n 
is isometric to a quotient (R x N) /Z, where N is an (n— l)-dimensional 
complete open Alexandrov space with nonnegative curvature whose 
soul is a point. Since X n is topologically nice, so is N. Therefore the 
assumption yields N ~ R n_1 . □ 

Thus for n = 4, the remaining cases are those of dim S = or 2. 

From now on let X be as in Theorem 12.61 unless otherwise stated. 
Let C := C(0) for simplicity. In this section, we consider the case of 
dimC = 2. 

We begin with the case of dim S = 2, for which the essential case in 
the proof is that S ~ S 2 or S ~ P 2 : If S is homeomorphic to either 
a torus or a Klein bottle, then it is flat. Thus the universal covering 
space X splits aslxiV, where N ~ R 2 , and Theorem 12.61 certainly 
holds. 

Theorem 15.5. Theorem 12.61 holds in the case of dim S = 2 and 
dimC = 2. 

Proof. Consider Rs jr (S) := S — B(Ss(S), r) for sufficiently small 5 > 
and r > so that one can apply Fibration Theorem ll.2l to Rs, r /2- Now 
we consider the convergence, B(S,e) — > S as e — )• 0. Letting <p — t : 
S — > B(S,e) be the inclusion, and ip : B(S,e) — )• S be a measurable 
map such that d(ipipx, x) < 2e for every x G B(S,e), we define fs'.S—> 
L 2 (S), f B(s , e) : B(S, e) -> L 2 {S) and f = f~ l o-no f B{s>e) : B(S, e) ^ S 
by the same formulae as in jlTj. / is (1 — r(e 2 , <5))-open and is an almost 
Lipschitz submersion ( [4T] ) . Let < e\ <^ t<i r, and denote by f ei ,t 2 
the restriction of / to int A(S; ei, e 2 ) — B(Sg(S),r): 

f ei>e2 : int A(S;e l ,e 2 ) - B(S s (S),r) i? 5 , r/2 (5). 

Since each point of 5(5*, e 2 ) — B(Ss(S),r) — S is almost regular, it 
follows from Fibration Theorem 11.21 (see the final step of the proof 
in Section [21]) that f ei ,e 2 is a topological submersion. For any x G 
A(S; ei, e 2 ) — B(S$(S),r), let (oj, &j)i<i<4 be a (4, 5)-strainer of A at a; 
such that 

(1) &i)i=i t 2 gives a (2, 5)-strainer of S at /(x); 

(2) d{S,a 3 ) = d{S,b 3 ) = d{S,x). 
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Then (ai)' x and (a 2 )^, are almost orthogonal to the fibre F x := 
and (a 3 )' x and (a 4 )^, are almost tangent to F x (see [47]). Note also that 
{. a i)' x i 1 < * < 3, are almost tangent to {ds = ds(x)}. This shows 
that (/, d s , d a3 ) is a r(e 2 , <5 2 )-open and gives a bi-Lipschitz coordinates 
around a;. Therefore (f,ds) : A(5*; ei, e 2 ) — B(Ss(S), r) — >■ Rg, r /2{S) x ^ 
is a topological submersion. Thus for ei < e' < e < e 2 , (/, dg) provides 
an S^-bundle on A e >^ r := / _1 (i? < 5 jr (5')) fl {e' < ds < e}. It is clear that 
the fibre of / ei)£2 is homeomorphic to S* 1 x /. Letting e' — > 0, it is now 
obvious that f e , the restriction of / to f~ 1 (Rs ;r (S)) fl {d s < e}, is a 
locally trivial _D 2 -bundle whose restriction to Rg t1 .(S) is the identity. 

Lemma 15.6. For any p G Sg(S), there are e p > and r p > such 
that for every r < r p and e with e/r < e p , 

(1) B(p, r) D -8(5*, e) zs a D 2 -bundle over B(p, r; 5); 

(2) dB(p, t) n -6(5*, e) is i/ie union of the fibres over dB(p, t; S) for 
every r/2 < t < r. 

Proof. Consider the convergence (~X,p) — > (K p ,o p ), r — > 0. By Propo- 
sition [14751 Kp is isometric to the product of K P (S) and a flat cone N p . 
Since -B(o p , 1) fl B(K p (S),e) is a -D 2 -bundle over B(o p , 1; K P (S)), the 
lemma follows from the regularity of (d Qp ,d K on A(o p ;l/2, 1) fl 
(B(iyS),e)-i^(S)). ' □ 

We are now going to patch the _D 2 -bundle structures on A e ^ r : = 
f-\R St r(S)) n < e} and on B(p, r) n B(S, e) for each p e S^S). 

Let U er (p) denote the component of -B(>S, e) — A e 2r containing p, and 
L t>r (jp) = f-\dB{p,2r)). 

Lemma 15.7. For small enough < e Cr, U ejr (p) — int B(p, r/2) is 
homeomorphic to L e ^ r (p) x /. 

Proof. Suppose the lemma does not hold, and put e := eor, with 
e = 10~ 10 . Under the convergence (-X,p) — > (K p ,o p ) as r — > 0, 
/ e : B(S,e) — B(Ss(S),r) — >■ Rs, r /2{S) converges to a Lipschitz map 

/«, : B( J K p (5 r ), eo) - B{o p , 1) /^(S) - B(o , 1/2). 

It is easy to see that foo is the restriction of the projection K p = 
K p (S) x N p —> K p (S), where N p denotes a flat cone. Let U eo ^{o p ) 
denote the limit of U er (jp) under the above convergence. The obvi- 
ously Z7 £0) i(o p ) — int B(o p , 1/2) is homeomorphic to L 60)1 (o p ) x 7, where 
L eo ,i(o p ) = f^~(dB(o p) 2)). The lemma follows from Stability Theorem 

o □ 

From the _D 2 -bundle structures on B(p, r/2) f]B(S, e) and on L e>r (p), 
we have homeomorphisms dB(p, r/2)r\B(S, e) — > S 1 xD 2 and L t r (p) — > 
S 1 x D 2 . In view of Lemma [15.7l these provide a gluing homeomorphism 
h : S 1 x D 2 — > S 1 x D 2 . Letting r — > with - <C 1, we conclude that 
/i|si x si is homotopic, and hence isotopic, to the identity. Therefore 
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we can patch the _D 2 -bundle structures on B(p,r/2) D B(S,e) and on 
dU €:r (p) to get a D 2 -bundle structure on B(S,e). This completes the 
proof of Theorem 115.51 □ 

Next we consider the case of S ^ C . Recall that the critical point 
set of f e is contained in dC, where 

f e (x) = d(C e ,x). 

Therefore by [35] . there is an /^-gradient flow if) on X — dC — C e . 

Definition 15.8. Let dimX = n, dimC = k, and A C dC. We say 

that a subset V with A C V is is an f e -pseudo- gradient normal bundle 
over A with respect to if) if the following conditions are satisfied: 

(1) V is a .D n_fc+1 -bundle over A with projection, say 7r : V — > A; 

(2) Let dV C V denote the total space of the S' Tl ~ fc -bundle induced 
from the /J™ _/c+1 -bundle of (1). Then dV is a gluing of two 
-D n ~ fc -bundles, say Ji,i = 0, 1, and an / x S' n_fc -bundle, say K, 
over A with projections Ti\j i and k\k such that 

(a) there is a neighborhood W of every p £ Am A and a locally 
trivializing homeomorphism h : 7r _1 (W / ) — >• W x J n - fc + 1 
with 7r — pi o h, where pi : W x I n - k+1 — > W is the 
projection, inducing following homeomorphisms for 2 = 0,1 

- W x x 

(b) J\ C {/ e = e/2}, J C {/ e = ce} for some constant c > 1 
and every fibre of it\k gives a flow curve of if); 

(c) the flow curves of if> are transversal to J{ 

The / e -pseudo-gradient normal bundle V has height u > if dc re- 
stricted to Ji takes the maximal value v at every point of dJ\. We call 
the subbundles Ji and i^, Jj-part and iT-part of V respectively. 

Note that if we are given an / e -pseudo-gradient normal bundle over 
dC with respect to if), then parturbing and extending if) along the 
fibres of the normal bundle, we can define a new / e -pseudo-gradient 
flow defined on X — C e (see Section 10 of [13] for the definition of 
pseudo-gradient flows). 

Theorem 15.9. Let dimX = 4. 7/dimC = 2 and if dim S = 0, then 
Theorem \2.6[ holds. 

For the proof of Theorem 1 15. 91 we apply a method similar to one used 
in [13] , which actually gives a simplification of the argument there. 

Proposition 15.10. Under the same hypothesis as Theorem \15.9i for 

some /i > and any small enough e > 0, there exists an f ^pseudo- 
gradient normal bundle over dC of height fie with respect to some f e - 
gradient flow. 
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Proof. Applying Lemma 114.31 (3), we can take finitely many consec- 
utive points Pi,-..,Pn °f dC with d(pj,Pj + i) small enough such that 
there is an / e -pseudo-gradient normal _D 3 -bundle E over {p 1 , . . . ,Pn} of 
height fie with respect to some / e -gradient flow. Let J\{pjp~j+i) denote 
the L> 2 -bundle over the arc PjPj+i C dC extending J\{pj) U Ji(pj+±) 
with Jx(pjPj + i) C J" 1 (e/2)} and of "height /ie'. Let Aj denote the 
union of the / e -flow curves contained in {e/2 < /<= < ce} and through 
the total space of the ^-bundle induced from Ji(pjp~j+i)- Let Jo(pj) 
denote the J -part of E\ Pj . Since (Aj fl {/ e = ce}) U Joipj) U Jo(Pj+i) 
is homeomorphic to S* 2 and is locally flat , it bounds a domain 5j in 
{/ £ = ce} homeomorphic to .D 3 . Now it is clear that 

Mpo) u Jofe+i) u Jx{p]mx) u A,- u fij 

is homeomorphic to S* 3 and is locally flat, and therefore it bounds a 
domain homeomorphic to .D 4 , which defines a structure of an / e -pseudo- 
gradient normal _D 3 -bundle over pjpJ^i. This completes the proof. □ 

Proof of Theorem \15.9l It follows from Proposition 115.101 that 

X ~ {f e < e/2} ~ {f e < !/}, 

for any z/ <C e. We have to prove {/<= < u} ~ D 4 . Using the / e -flow 
curves, it is easy to see that {f e < v} is contractible. By Freedman's 
celebrated work (see[18J). it suffices to show {f e = u} ~ S 3 . Put 
L := C fl {f t = u} ~ 5 1 , and consider the distance function d^. Since 
(/ei di) is regular near {/ e = u, < g?l < A} with A <C u, it follows from 
a method similar to Proposition 115. 101 that {/ e = z/, cz^ < A} ~ S 1 x Z} 2 . 
For simplicity, we put C* := {f e < ji} fl C with fi < e/2. By a method 
similar to Theorem 115.5} {f t < e/2, dc 1 < 2z/} is a -D 2 -bundle over C*, 2 
if z/ e. Let 7r : {/ e < e/2, < 2z/} — >■ C*, 2 be the projection. 

Sublemma 15.11. 

k- 1 (c;_ xyu )n{f e = v}^D 2 xS l . 

Proof. Note that each point of {/<= < e/2, < dc < 2z/} is almost 

regular. For any point x of C*_ x2 / U and any point y of ir^ 1 (c*_ x2 / v J H 

{/ e = z^}, let be the angle at y between (C e )' and the fibre 7r _1 (x). 
Since n/2 — 6 is bounded from below by a uniform constant depending 
only on \ jv and since tt is almost Lipschitz submersion, it follows that 
7r _1 (x) fl {f e = u} is a circle. □ 

By using the e^-flow curves, we obtain 

{f e = u}-n-\C:_ x y u ) 

— {fe = v,di < A} 

~ S 1 x D 2 . 



Thus we conclude {f e = u} - S 1 x D 2 U D 2 x S 1 - S 3 . 
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Theorem 15.12. Coniecture \15. 1\ is true in the case when dimC = 1 
and dimS* = 0, where dimX be arbitrary. 

The proof of Theorem 115.121 is similar to the 3-dimensional case, and 
hence omitted (see Section 13 of [13] for details). 

16. Soul Theorem in dimension four II 

In this section, we shall consider the case of dim C = 3 > dim S. 
We also assume dimX = 4. 

Theorem 16.1. Let X be a A- dimensional complete open Alexandrov 
space with nonnegative curvature, and suppose that it is topologically 
regular. If dim C = 3 > dimS*, then X is homeomorphic to TV(intC). 

Theorem 16.2. Under the same hypothesis as Theorem \16.1\ for some 
H > and any small enough e > 0, there exists an j \-pseudo- gradient 
normal bundle over dC of height fie with respect to some f e -gradient 
flow. 

Proof of Theorem \16.1\ assuming Theorem \16.2[ Let U be an / e -pseudo- 
gradient normal bundle of dC with respect to some /^-gradient flow ip. 
It is possible to deform ip in U along the fibres of 7r : U — > dC to obtain 
an /g-pseudo- gradient flow on X — C e . Therefore we have 

X ~ {/ e < e/2} ~A/"(intL7). 

□ 

First we construct an / e -pseudo-gradient normal bundle over a small 
neighborhood of any point p of dC. 

Let c p > 1, e PiC , 5 P)C and fi p be as in Lemmas 114.21 and 114.31 

Lemma 16.3. For any p G dC and c > c p , let e, 5' < 5 be constants 
as in Lemma [14.3\ Then there is an f e -pseudo- gradient normal bundle 
over dC D B(p, 6) of height \i v e . 

Proof. By Lemma [14.3[ we have an /.-gradient flow ip p on A(dC; e/100,e/10) 
preserving d p on A(p;5',5). Put A 2 := dC fl B(p 1 5') ~ D 2 , and 
F := dA 2 = dC fl dB(p,5'). We first construct an / e -pseudo-gradient 
normal bundle V over F with respect to ip p such that V C dB(p,5'). 
Since dimF = 1, using the regularity of (f e ,d p ) we can apply the 
method of the proof of Theorem 115.91 (compare the gluing technique 
used in Section 12 of [43]) to F C A 2 C dB(p,5'), and obtain the 
required normal bundle V over F such that 

(1) VcdB(p,5'); 

(2) V has height fi p e. 

Using the cone structure of B(p,5) from p, we extend V to an f e - 
pseudo-gradient normal bundle W over dC fl A(p; 5', S) with respect to 
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Note that dJi bounds two disjoint domains D\ and D 2 of {f e = 
e/2, d c = fi p e} homeomorphic to D 2 . Since OJiUDiUD 2 is homeomor- 
phic to S 2 and is locally flat, it bounds a domain E of {f e = e/2, dc < 
yU p e} homeomorphic to D 3 . Let G denote the union of all the ^ p -flow 
curves in {e/2 < f e < ce} meeting _Di U L> 2 - Note G ~ -D 2 x (/ x 9/). 

Sublemma 16.4. <9(V Ui?UG) is contained in a domain o//~ 1 (ce) 
homeomorphic to IR 3 . 

Proof. Under the convergence p) — > (K p , o p ), the level set {f e=e >s = 
ce} converges to {foo,e' = ce'}. Since E p ~ S 13 is a topological manifold, 
the sublemma obviously follows. □ 

Since V U E U G ~ D 3 and d(V U E U G) is locally fiat, it follows 
from Sublemma 116.41 that d(VUE(JG) bounds a domain H in /~ 1 (ce) 
homeomorphic to D 3 . Since FUi?UGUiJis homeomorphic to S 3 
and is locally flat, it bounds a domain K of X homeomorphic to D 4 . 
Therefore the D 2 -bundle W over dC fl A(p; 5', 5) extends to a required 
_D 2 -bundle structure on K over dC fl B(p;5). □ 

Proof of Theorem \16.B. We are going to glue those local pseudo-gradient 
normal bundles to construct a pseudo-gradient normal bundle over dC. 
By the compactness of dC, we have 

c := sup c p > 0, /i := sup fi p > 0. 

By Lemmas 114.31 and I16.3[ for any p G dC and c as above, there 
are S PtC > and an / e -pseudo-gradient normal bundle U p over dC fl 
_B(p, <5 PjC ) of height fie, where e is any sufficiently small positive number. 
Choose px,...,p N of dC such that {B(pi, 5j)}i<i<Ar covers <9C. Let 
be a sufficiently fine triangulation of dC by Lipschitz curves with 
{Pi}f=i C -ft' all of whose simplices of have diameters less than 
mini<i<Ar 5 Pit c, where K j denotes the j-skeleton of K, < j < 2. Take 
5' p . c small enough compared with mini<j<jv d(pi, K° — {pi})- With the 
above choice of Pi and S' p . c < 5 PitC , take e small enough compared 
with mmS p . c . Now U Pi is an / e -pseudo-gradient normal bundle over 
dCnB(p, S PiiC ) with respect to some / e -gradient flow ip Pi on X— dC— C e . 
By an argument similar to that of Lemma 116.31 it suffices to construct 
to an / e -pseudo-gradient normal bundle over K l of height fie. 

Let us suppose that we have already constructed an / e -pseudo-gradient 
normal bundle U over L C K l of height /ie such that U restricted to a 
small neighborhood of each vertex of L is defined by the restriction of 
the bundle U Pi for some pi. Let a G K l — L. We shall extend U to an 
/ e -pseudo-gradient normal bundle V over L U a of height fie. Suppose 
o~ C B(pi,5\) fl B(p 2 ,S2). Let xo and ?/o be the endpoints of a, and 
take Xi,yi,y2 G inter with xo < xi < y\ < y 2 < yo- Suppose a fl L is 
nonempty and consists of a point, say xo- The other cases are similar 
and hence omitted. We may assume that U = U Pl on a neighborhood 
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of x in L. Let Vy and V 2 be the / e -pseudo- gradient normal bundles 
over cr|[ X0):Cl ] and c | [2/1,2/0] °f height fie determined by the restriction of 
the bundles U P1 and U P2 respectively. 

We are going to glue Vy and V 2 . Let Wy D Vy and W 2 D V 2 be f e - 
pseudo-gradient normal bundles over normal (tubular) neighborhoods 
of 

""|[a;o,si] srid ^l^jj/o] of height fie determined by U Pl and U P2 respec- 
tively. Take an / e -gradient flow ip PlP2 on X — DC — C e such that it 
coincides with ip p . on Wj, j = 1,2. Let Vy be the / e -pseudo-gradient 
normal bundle over al^^] of height fie determined by U Pl and extend- 
ing Vy. Let Wy D Wy be the / e -pseudo-gradient normal bundle over 
a normal (tubular) neighborhood of clfao,^] in dC determined by the 
restriction of U pi . Let H := Wy fl {f t = ce}. By definition, 

Wy~HxI, 

via a homeomorphism induced from (U Pl ,tp Pl ), where I := [e/2, ce]. 
Consider the family S := {H x t \ t G /}. Let H' C H and /' C / be 
such that H' x /' provides a small neighborhood of dCdWy. Note that 
any / e -pseudo-gradient flow ip defines an embedding : Hxl — >■ H xl 
preserving S on H x I — H' x I' , where i^o is an open set of {f e = ce} 
containing the closure of H. By using the topological Morse theory in 
[44] . one can slightly deform ip (on H' x I') to an / e -pseudo-gradient 
flow ip' such that preserves S on H x I. Consider the Jo-subbundles 
in {f e = ce}, denoted Jo(Vy) and Jo (^2), of Vi and V2 respectively. Take 
a rectangle i? in {f t = ce} by which Jo(Vy) and Jo(V2) are connected 
in such a way that 

(1) RnJ (Vy) = 7C^( yi )n J (Vy); 

(2) RnJ (V 2 ) = 7f^(y 2 )n.J (V 2 ); 

(3) J (^i)Ui?U Jo^) ~/ 2 , 

where and 7Ty 2 denote the bundle projections of Vy and V 2 respec- 
tively. The union V of all the flow curves of ip' PlP2 , a deformation of 

ip PlP2 as above, through H in {e/2 < / e < ce} provides a gluing of 
Vy and V2. Taking a smaller /i > if necessary, we finally obtain the 
required / e -pseudo-gradient normal bundle V C V over L U a of height 
/ie. This completes the proof of Theorem 116.21 □ 

Theorem 16.5. Theorem \2.Q\ holds in the case ofdimC = 3. 

Proof. This immediately follows from Theorem 116.11 and the following 
proposition. □ 

Proposition 16.6. LetC be a 3-dimensional compact Alexandrov space 
with nonnegative curvature and with boundary. If C is a topological 
manifold, then C is homeomorphic to the normal bundle of the soul of 
C. 
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Proof. Take a small e > with C e ~ C (Theorem 15.141) . Then one 
can apply the method of [13] to obtain that C e is homeomorphic to the 
normal bundle of the soul of C. □ 



17. The classification of nonnegatively curved 
Alexandrov three-spaces with boundary 

In this section, we assume X n to be an n- dimensional complete non- 
negaitvely curved Alexandov space with boundary, and give a classifi- 
cation of such a space in dimension three. 

Proposition 17.1. Suppose thatX n has nonempty boundary. If dim S = 
n — 1 and if X n is a topological manifold, then X n is isometric to either 
S x [0, oo) or an I -bundle over S for some closed interval I. 

Proof. By Proposition I14.1[ for any point p G S, 

(1) is isometric to the spherical suspension over T, P (S); 

(2) for the directions £± G perpendicular to ^ P {S) satisfying 
Z(£ + ,£_) = 7r, there exist maximal geodesies y± : [0, £±) — > 
intX with 7 ± (0) = £±. 

Note that £± does not depend on the particular choice of p G S, and 
that 7±(4fc) (if 4t < °°) belongs to dX. Proposition 114.11 then implies 
that if the normal bundle N(S) is nontrivial, then X n is isometric to a 
twisted product of S and / for some closed interval J, and that if N(S) 
is trivial, then X n is isometric to either 5 x / or 5 x |0,oo). □ 

Proposition 17.2. Suppose thatX n has nonempty boundary. If dim S = 
1, then X n is isometric to a quotient (R x Xq _1 )/A ; where A ~ Z and 
Xq~ 1 is a complete, contractible Alexandrov space with nonnegative 
curvature and with boundary. Topologically, X n is a Xq _1 -bundle over 
S 1 . 

Proof. Just apply the splitting theorem to the universal cover of X n . 

□ 

Theorem 17.3. For a complete nonnegatively curved Alexandrov space 
X n , we have the following splitting: 

(1) If dX n is disconnected, then X n is isometric to a product X xl , 
where X is a component of dX; 

(2) If dX n is compact and connected and if X n is noncompact,then 
X n is isometric to the product dX n x [0, oo). 

In the Riemannian case, Theorem 117.31 was proved in [7j. However 
it seems to the author that the method used in [7] cannot be directly 
applied for the proof of Theorem 117.31 (1). We make use of the notion 
of 1-systole, instead. For a non-simply connected space Y, let sys 1 (y) 
denote the 1-systole of Y, the infimum of the lengths of non-null ho- 
motopic loops in Y. 
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Proposition 17.4. Let X n be a noncompact, non-simply connected, 
complete Alexandrov space with nonnegative curvature, and let S be a 
soul of X n . Then 

sy Sl {X n ) = sy Sl {S). 
In particular sys 1 (X n ) > 0. 

Proof. The basic idea goes back to Sharafutdinov [JT]. For any non- 
null nomotopic loop 7 in X, take a large compact totally convex set C 
such that 

(1) Cd 7 ; 

(2) there is a distance-decreasing retraction of C onto S (the Shara- 
futdinov retraction constructed in [35]), R : C x [0, 1] — > C with 
R{ -, 0) = identity, R{ C, 1) = S. 

Then obviously, Ri(j) is a non-null homotopic loop in S satisfying 
L{Ri{i)) < L( 7 ). □ 

Lemma 17.5. Let X n be a complete nonnegatively curved Alexandrov 
space with disconnected boundary, and X and Xi be any distinct com- 
ponents of dX . Then we have d(X ,X 1 ) > 0. 

Proof. We may assume that X n is noncompact. Let us consider the 
double D(X). Let c be any path from a point of Xq to a point of X\, 
and D(c) C D(X) the double of c. Then D(c) is non-null homotopic 
in D(X) and therefore L(D(c)) > sy Sl (5) > for a soul S of D(X). 
This shows that d(X Q ,Xi) > sys 1 (5)/2. □ 

Proof of Theorem \17.3[ The essential part is (1). Suppose that dX is 
disconnected, and let X and X 1 be distinct components of dX, and 
consider the functions fi = d(Xi, •), which are concave. Put X\ := 
/^([O^]). Let t denote the supremum of those t with d(X^, X\) > 0. 
Lemma T17.5I ensures t > 0. Consider the set := / _1 ([t , 00)) fl 
/ 1 _1 ([to, 00)). In what follows, we investigate the geometric properties 
of C*. Note that C* is a nonempty closed totally convex subset. Note 
also that C** := / ~ 1 (^o) H /r 1 (to) is nonempty. 

We claim that for any x G C** and X{ G Xj with d(x, X{) = d(x, Xi), 
i = 1,2, we have Zx xxi = ir. For if Zx xxi < ir, then rf(x , X\) < 2t . 
Letting y be the midpoint of a minimal geodesic joining xq and x\, we 
would have y G Xq 1 fl X^ 1 for some t\ < t , a contradiction. 

Next we show that dimC* < n — 1. Let x G C** and Xj G Xj satisfy 
d(x, Xi) = d(x, Xi), i — 1,2. If we set E n ~ 2 to be the set of £ G S x with 
Z((a?o)a>0 = ^((^i)^^) = tt/2- Then the above claim implies that S z 
is the spherical suspension over S n_2 . By the first variation formula, 
for any p G C* we have 

(17.1) j/ s g S- 2 , 

and hence ^^(C*) C E™ -2 showing dimC* < n — 1. 
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We now show that C* = C**. For any x G C** and p G C*, let 
7 : [0, 1] -;> X be a minimal geodesic from x to p. (117. II) yields that 
/i(7(0)) = 0, z = 1, 2. It follows from the concavity of that fi(j(t)) = 
t and p G C**. 

Now for any x G X , take a s' G X\ satisfying d(x,Xi) = d(x,x'). 
Let y = <p(x) be & point on xx' with /o(j/) = fi(y)- By the choice of to, 
fo(y) > an d fi(y) > t . It follows that y G C* = C**. Let x G X be 
a point of Xo with d(y, xq) = d(y, Xq). Then Zx'yxo = tt and therefore 
x = Xq. This also shows that y = <£>(x) is uniquely determined by 
x and that (p : X Q — y is injective. Thus one can conclude that 
dimC* =n—l. 

For every two points x and x of X take Xi, x' x G with <i(x , Xi) = 
dtyx'^x'^) = 2t . By Proposition 12.11 x , x±, x[, X\ span a totally geo- 
desic flat rectangle, concluding that X is isometric to X x [0,2t ]- 

Next suppose that dX is connected and compact and that X is 
noncompact. Let 7 : [0, 00) — y X be a ray starting from a point of 
dX and consider the Busemann function b 1 associated with 7. For any 
sufficiently large o > 1, the nonnegatively curved Alexandrov space 
W := b~ l ((— 00, a]) has disconnected boundary. It follows from the 
previous argument that W is isometric to dX x [0, a]. Letting a — y 00 
completes the proof. □ 

First we recall and reconstruct some 3-dimensional complete open 
Alexandrov spaces with nonnegative curvature which are not topolog- 
ical manifolds(see [15]). 

Example 17.6 f[43j). Let T be the discrete subgroup of isometries of 
M 3 generated by ^{x^y^z) = —(x,y,z) and a(x,y,z) — (x + l,y,z). 
Then R 3 /r is a complete open nonnegatively curved Alexandrov space 
having two topological singular points. 

Example 17.7 Q43|). Let S be a nonnegatively curved Alexandrov 
surface homeomorphic to S 2 having two essential singular points, say 
Pi and pi. Cut S along a minimal geodesic joining p± and p^. The 
result of this cutting, say Sq, is a nonnegatively curved Alexandrov 
surface with boundary. The double S of Sq has an obvious isometric 
involution a such that S/a = S. Consider the Z 2 -action on S x R 
defined by (x,t) —y (a(x),—t). The orbit space (S x M)/Z 2 , denoted 
L sph (S), has the two topological singular points p\ and p 2 . This space 
corresponds to L(S 2 ] 2) in Example 9.4 of }4"3] . 

Example 17.8 ([13]). Let S denote the double of a rectangle [0,a] x 
[0,6], and T the flat torus defined by the rectangle [—a, a] x [—b,b]. 
Note that S = Tjo for the isometric involution a on T defined by 
(x,y) —y (—x,—y). Consider the Z 2 -action on T x M defined by 
(x,t) —y (cr(x), —t). The orbit space (T x R)/Z 2 , denoted L tor (S), has 

110 



four topological singular points. This space corresponds to L{S±; 4) in 
Example 9.4 of 03]. 

Example 17.9. Let the flat torus T and the isometric involution a 
on T be as in the previous example. Consider the involution r on 
TxR defined by (x, y) -> (-x + a,y + b). Let £1 ~ Z 2 © Z 2 be the 
group generated by cr and r. Consider the Z 2 © Z 2 -action onTxK 
defined by (x,t) — > (a(x),—t) and (x, t) —> (r(x),t). The orbit space 
(T x M)/Z 2 ©Z 2 is doubly covered by L tor (T/ cr) and has two topological 
singular points. This orbit space is denoted by L pro j(S), where we put 
S:=T/Q~P 2 . 

Each space of types L sph (S), L tai (S) and L pi0 j(S) is a 3-dimensional 
complete open Alexandrov space with nonnegative curvature which 
is not a topological manifold, and admits the structure of a singular 
line bundle; the singular fibre are the geodesic rays starting from the 
topological singular points. Note that the zero-section S of the singular 
line bundle is the unique soul in each case. 

Here it should be remarked that no space of type L(Si, 1) in Ex- 
ample 9.4 of [43] actually exists since some compatibility condition is 
not satisfied ! (see the proof of Case A- (3) of Theorem 117.131 below.) 
Of course, Theorem 9.6 in [43J is true for the 3-dimensional complete 
open Alexandrov spaces with nonnegative curvature which are topolog- 
ical manifolds (the generalized soul theorem), but for non-topological 
manifolds, it should be modified as follows: 

Theorem 17.10. Every 3-dimensional complete open Alexandrov space 
with nonnegative curvature which is not a topological manifold is either 
homeomorphic to one of the cone K(P 2 ) andM. 3 /T in Example \17.b\ or 
isometric to one of the spaces of types L sp h(S), L tor (S) and L pr0 j(S). 

The proof of Theorem 117. 101 is identical with that of Theorem 9.6 of 
[43] . Compare the proof of Case A-(3) of Theorem 117.131 b elow . 

Our concerns are 3-dimensional complete nonnegatively curved spaces 
with boundary. Let t be a positive number. 

Example 17.11. (1) Define a Z 2 -action on D 2 (t) x R by (x, s) — > 
(—x,—s). Then the orbit space {D 2 (t) x IR)/Z 2 is a com- 
plete noncompact nonnegatively curved Alexandrov space with 
boundary having a topological singular point. Note that the 
boundary of {D 2 (t) x M)/Z 2 is homeomorphic to a Mobius strip, 
and that the double of (D 2 (t) x R)/Z 2 is isometric to L sph (5') 
with S = D{D 2 {t)/Z 2 ); 
(2) The identification space 

[0,t] X R 2 /(t,x) rsj (t,~x) 

is a complete noncompact nonnegatively curved Alexandrov 
space with boundary having a topological singular point. Note 
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that the boundary of this identification space is homeomorphic 
to R 2 and that the double of this identification space is isometric 
to R 3 /T in Example TIM up to a rescaling of metric; 

(3) For the discrete group T in Example I17.6[ (R x D 2 (t))/T is a 
compact nonnegatively curved Alexandrov space with boundary 
having two topological singular points. 

(4) Let Ll ph (S) denote the totally convex subset of L sp h(S) defined 
as 

L sph (S) :=ds\[0,t]), 
which is a compact nonnegatively curved Alexandrov space with 
boundary. Here d$ is the distance function from the soul S. 
L l tor (S) and L pr&s (S) are defined similarly. 

Lemma 17.12. Let X 3 be a complete noncompact Alexandrov space 
with nonnegative curvature and with boundary such that for a point 
p G X 3 B(p,R) — Ki(P 2 ) for any large R > 0. Consider one of the 
following conditions: 

(1) B(p, R) PI dX 3 is homeomorphic to a Mobius band; 

(2) B(p, R) fl dX 3 is homeomorphic to D 2 . 

If X 3 satisfies (1) (resp. (2)), then it is homeomorphic to (D 2 x R)/Z2 
(resp. [0,1] xR 2 /{l,x) ~ (1,-x)). 

Proof. Note that the soul of X 3 is a point, say p, with S p ~ P 2 . 
Suppose first (1). Using the method in the proof of Assertion 19. 13} we 
see that 

X 3 ~ B(p, e) - U ~ (D 2 x E) /Z 2 , 

where C/ is an open disk of dB(p,e). The proof in the case of (2) is 
similar and hence omitted. □ 

Now we are ready to state the classification result. 

Theorem 17.13. The 3- dimensional complete nonnegatively curved 
Alexandrov spaces X 3 with boundaries are classified as follows: 

IfdX 3 is disconnected, then X 3 is isometric to a product X x /, where 
Xq is a component of dX 3 . 

Suppose dX 3 is connected. 
Case A. X 3 is compact. 

(1) If dim S = 0, X 3 is homeomorphic to either D 3 , the unit cone 
K X (P 2 ) or (R x £> 2 (l))/r ; 

(2) If dim S = 1, X 3 is isometric to the form (R x N 2 )/A, where 
N 2 is homeomorphic to D 2 and A ~ Z. In particular, X 3 is 
homeomorphic to a D 2 -bundle over S 1 ; 

(3) If dim S = 2, X 3 is isometric to one of a flat I -bundle over S, 
Ll ph (S), Ll T (S) and L^S) for some t > 0. 
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Case B. X 3 is noncompact. 



(1) If dim S = 2, X 3 is isometric to S x [0, oo); 

(2) If dim S = 1, X 3 is isometric to the form (RxAf 2 )/A, where N 2 
is either homeomorphic to or isometric toRx I for a closed 
interval I, and A ~ Z. In particular, X 3 is homeomorphic to 
an N 2 -bundle over S ; 

(3) Suppose dimS* = 0. If X 3 has two ends, then it is isometric to 
a product K x Xq, where Xo ~ D 2 . 

Suppose that X 3 has exactly one end, and let C be the maxi- 
mum set [possibly empty) of dgx^ . Then C is either empty or 
of dimension > 1 . 

(a) If C is empty, X 3 is homeomorphic to M^; 

(b) If dim C = 1, C is a geodesic ray and X 3 is either homeo- 
morphic to M? + or the identification space [0, 1] xl 2 /(l, x) ~ 

(i,-x); ' ' ^ _ 

(c) If dim C = 2, C is homeomorphic to either M? orIR+. 

(i) If C ~ M 2 , there exists an essential singular point p 
in C , and X 3 is isometric to the identification space 

[0,t] x C/(t,x) ~ (t,a(x)), 

where t is the maximum of dgx^, C is the double of 
the result of cutting ofC along a geodesic ray starting 
from p and a is the involution of C such that C/o~ — 
C; 

(ii) If C ~ X 3 is homeomorphic to Mi. 

Proof. By Theorem 117.31 we assume that dX is connected. By the 
splitting theorem, we also assume dimS* ^ 1. Letting C be the max- 
imum set of dg X 3, we note that the topological singular points of X 3 
are contained in Ext(intX 3 ) f]C. Let t be the maximum of dgx^. 

Suppose X 3 is compact. To discuss Case A, we use Theorem 9.6 
in [33] and the argument there. First of all, the conclusion in Case 
A certainly holds if X 3 is a topological manifold. Suppose X 3 is not 
topological manifold. In Case A-(l), if dimC = 0, then X 3 is home- 
omorphic to Ki(P 2 ), and if dimC > 1, then X 3 is homeomorphic to 
either Ki(P 2 ) or (R x D 2 (l))/r depending on the number < 2 of the 
topological singular points of intX 3 . 

In Case A-(3), first note that the number of essential singular points 
of 5* is at most 4. By Proposition 12.11 X 3 is isometric to a singular 
flat /-bundle over S with possible singular fibres over essential singular 
points, say p, of S. Let 7r : X 3 — > S be the natural projection along 
fibres. For a small disk neighborhood B of p, n~ 1 (B) is fibre-wise 
homeomorphic to (D 2 x R)/Z 2 in Example 117.111 Now if S ~ S 2 , X 3 
is built from some pieces of (D 2 x IR)/Z2 by gluing along boundaries. 
To realize this gluing, we encounter some compatibility condition. This 
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observation implies that X is isometric to either h (S) or L* or (5). If 
S ~ P 2 , the compatibility condition implies that the number m of the 
singular fibres in X 3 is two. Because if m — 1, take a disk neighborhood 
B of the singular point p as above. Since the line bundle is regular one 
on S — B which is homeomorphic to a Mobius band, its restriction 
to d(S — B) must be trivial. On the other hand, d(D 2 x R)/Z 2 ) is 
an open Mobius band. Therefore the compatibility condition does not 
hold. Now the universal cover X 3 of X 3 is isometric to L* or (5'), where 
5 is the universal cover of S. Thus X 3 must be isometric to L^-^S) = 

Next consider Case B. If dimS 1 = 2, using Theorem 117.31 we easily 
obtain the conclusion. Suppose dimS 1 = 0. In view of the splitting 
theorem, we assume that X 3 has exactly one end. If X 3 is a topological 
manifold, then Assertion 19.131 shows X 3 ~ R 3 ^. If C is empty, X 3 is a 
topological manifold. Therefore we assume that C is nonempty. From 
the concavity of dgx 3 , every geodesic rays starting from a point of C 
is contained in C. In particular C is noncompact. Suppose dimC = 1. 
Since X 3 has exactly one end, C represents a geodesic ray, say 7. Since 
every point of intC is topologically regular, we assume that p := dC 
is a topological singular point. The critical point theory to the map 
(dg X 3, d p ) shows that X 3 is homeomorphic to {d dX 3 > t— £i\f\{d p < e 2 } 
for every < ei <C e 2 < 1, where t denotes the maximum of dg X s- It is 
easy to see that B(p, e 2 ) is homeomorphic to {dgx* > t— ei}n{d p < e 2 }. 
It follows from Stability Theorem 11.51 that the boundary of {dgx» < 
ei} fl {d p < e 2 } is homeomorphic to P 2 . Since {dgxs < e\} fl {d p = e 2 } 
is homeomorphic to D 2 for any sufficiently small e± and e 2 , <9X 3 must 
be homeomorphic to an open Mobius band. From Lemma I17.12[ we 
conclude that X 3 is homeomorphic to (D 2 x R)/Z 2 . 

Suppose finally dimC = 2. Using the Sharafutdinov retraction con- 
structed in one can prove that X is homotopic to C. If C was 
isometric to J x 1, then X 3 would have two ends contradicting the 
assumption. Therefore C is homeomorphic to either M. 2 or 

Suppose C ~ M 2 . By Proposition 12. 1[ there exist exactly two min- 
imal geodesies from any x G C — ES(C) to <9X 3 , and there exists a 
unique geodesic from any topological singular point x to <9X 3 . Thus 
we have the structure of a singular flat /-bundle on X 3 over C, which 
provides a map it : dX 3 — > C whose restriction to the complement of 
the topological singular point set is locally isometric double covering. 
The number m of the topological singular points of X 3 is at most two. 
If m = 2, C would be isometric to the double D(I x [0, 00)) for a 
closed interval /. It turns out that <9X 3 is the two points completion 
of a double covering space of C — ES{C). This forces C — ES(C) to 
have a topological double cover by itself, which is impossible. There- 
fore m — 1. The conclusion follows from Proposition 12. II with a similar 
argument. 
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Suppose C ~ . By Proposition 11.3 of [13], any p G dC is topo- 
logically regular. Thus X 3 ~ R 3 . □ 

As an application of our argument, we give a classification of 3- 
dimensional complete Alexandrov spaces X 3 with nonnegative curva- 
ture in terms of the number of extremal points. We assume that X 3 
has nonempty boundary. Let e- mtX 3 denote the number of extremal 
points in intX 3 . If e int x 3 = 0, then X 3 is a topological manifold, and 
the classification of such spaces is given by Theorem 117.131 Hence we 
assume e int x 3 > 0. 

Corollary 17.14. Let X 3 be a 3- dimensional complete Alexandrov 
space with nonnegative curvature and with nonempty boundary. Then 
< ei nt x3 < 4 and the structure of X 3 is described in terms of e-^x 3 
as follows. In the below, S is a soul of X 3 and t denote the maximum 
of d dX 3 . 

(1) // ei nt x 3 = 4 ; X 3 is isometric to either D(I\ x I 2 x {x > 
0}) f]{x < t} with some closed intervals I\ and I 2 , or L* or (S'); 

(2) If e lTAi x' A — 3, X 3 is homeomorphic to either D 3 or Ki(P 3 ); 

(3) If e- int x 3 — 2, X 3 is either homeomorphic to one of D 3 , Ki(P 2 ), 
(RxD 2 )/T andR\ , or isometric to one of L* h (S) and Lp roj (S'); 

(4) If e- mt x 3 — 1; X 3 is homeomorphic to one of D 3 , Ki(P 2 ), 
([0, 1] x IR 2 ) /(l, x) ~ (1, -x) and (D 2 x E) /Z 2 . 

Proof. Let C denote the maximum set of dgx*- We may assume C to be 
nonempty because of e int x 3 > 0. Note also that Ext(intX 3 ) C Ext(C). 
It follows that ei n tx 3 ^ 4 and that if ej nt x 3 > 3, then C is a compact 
surface, and X 3 is also compact. 

Suppose e int x 3 = 4. Then C is isometric to either a rectangle I\ x I 2 
or the double D(Ii xl 2 ). If C = Iixl 2 , the assumption e int X 3 = 4 forces 
all the boundary points p of C to be one-normal points in the sense 
that there is a unique direction at p normal to C. This implies that X 3 
is isometric to D{h x I 2 x {x > 0}) f]{x < t}. If C = D{h x J 2 ), it is 
the soul S, and X 3 is a singular flat /-bundle over S with four singular 
fibres. Thus X 3 must be isometric to L* or (S'). 

Suppose e int x 3 = 3. If C had no boundary, then X 3 would be 
a singular flat /-bundle over S with three singular fibres, which is 
impossible. Therefore C has nonempty boundary. In view of Lemma 
19.111 if there is no topological singular point, then X 3 ~ D 3 because 
the soul of X 3 is a point. If there is a topological singular point, C 
must be the result of cutting of the double D(I 2 ) of a square I 2 along 
the diagonals, and the interior singular point p of C is the unique 
topological singular point. Thus Theorem 117.131 yields X 3 ~ K\(P 2 ). 

The cases ei nt x 3 ^ 2 also follows from Theorem 117.131 together with 
an argument similar to the above argument, and hence we omit the 
detail. □ 
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Remark 17.15. (1) In the case when X 3 is a complete open Alexan- 
drov space with nonnegative curvature, considering the sublevel 
set {b < t} with large t > 0, one can reduce the classification 
problem for X 3 as in Theorem 117. 131 to that of a compact space 
with boundary; 

(2) For n-dimensional compact Alexandrov spaces with nonnega- 
tive curvature, the total number of extremal points does not 
exceed 2 n ([37]). Recently, the metric classification of nonneg- 
atively curved spaces with maximal extremal points has been 
proved in [15] . 

Part 3. Equivariant fibration-capping theorem 

18. Preliminaries 

Let X be a k- dimensional complete Alexandrov space with curvature 
> — 1. Now suppose that dX is nonempty. 

Let a Lie group G act on X as isometries. Note that the group of 
isometries of X is a Lie group ([21]). Later on we shall assume that 
X/G is compact. 

First we discuss the convergence in G. 

Let S(A) denote the union of S P (X) when p runs over X. We 
topologize £(X) by the following convergence: Let v n G Ti Pn (X) and 
v G S p (A). Then v n converges to v if and only if p n — >• p and 
A v n,£n) -> A v >0 for an Y x e X - {p,p n } and x n with j Pn , Xn -)■ j p , x , 
where = 7 Pn ,x n (0) and £ = / y PtX (0). Note that S(X) is not necessary 
locally compact. 

The following lemma shows that the action of G on S(X) is contin- 
uous. 

Lemma 18.1. A sequence g n in G converges to g if and only if g n p — > 
gp and g^ x v n —> g~ Y v for any p G X , v n G and v G S 9P with 

Proof. We may assume (7 to be the identity. Let g n — >• 1, and suppose 
that 7 9nPi a; n - >■ 7 P x and w n G S 9nP converges to v G E p . Then from 
definition, l-{g~ x v n , (x n )' p ) = Z(v n , (g n x n )' gnPn ) converges to Z(v,x' p ). 
The converse is obvious. □ 

For any p, G p denotes the isotropy subgroup of G at p. 

Lemma 18.2. For each p G X, there is a nonnegative integer £(p) 
together with the G p -invariant isometric splitting K P (X) = R^ p ) x K' p 
satisfying 

(1) K p (Gp)=R^; 

(2) {K p (X) = R^ p ) x K' p } peX ar e the G-invariant splittings. 

Proof. Let T> p (Gp) denote the set of all (6E p such that there exists a 
sequence g n G G satisfying g n p — > p and (g n p) p — > £• First we show that 
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for any £ G E p (Gp) there exists an r\ G Ep(G'p) such that Z(^,i]) = 7r. 
Let g n G G be as above. Taking a subsequence if necessary, we may 
assume g n — >■ g for some g <E G. Considering g~ x g n -, we may also assume 
that ^converges to the identity. Put p n := g n p and take q n £ X with 
Zpp n q n > 7i — e n , lime n = 0. Passing to a subsequence, we may assume 
that (g^QnYp converges to a direction £ £ E p . In view of # n — >■ 1, 
(<? n )p n ~ ^ Co- We conclude £ = £ as follows: Putting £ n := (p n ) p , we 
have for any x G X — {p} 

\Z^,x' p )-Z(^,x' p )\ < \Z(Z,x' p )-Z(£ n ,x p )\ 

+ \Z(£ n ,x' p ) - Zp n px\ + \Zp n px - (it - Zpp n x)\ 
+ \ir - Zpp n x - Zq n p n x\ + \Zq n p n x - Zq n p n x\ 
+ \Zq n p n x - Z(^ ,x' p )\ < e„, 

where lime n = 0. This implies £ = £ - It follows that (g^pYp converges 
to-£. 

By the above argument together with the splitting theorem, T, p (Gp) 
spans a Euclidean space of dimension, say £(p), in K p , and we have a 
G p - invariant isometric splitting K p (X) = x K' . 

We show = K p (Gp). Suppose the contrary. Since K p (Gp) is 
closed in K p , we can find sequences p n G Gp and q n G X — such 
that 

(a) Z((q n )' p ,R^) ^ 0; 

(b) d(q n ,p n ) = d(q n ,Gp); 

(c) (p n )'p and converge to elements of E p (Gp) and E p — E p (Gp) 
respectively. 

We may assume that p n = g n p with g n — >■ 1. Putting t> n := we 
may assume g^Vn converges to a direction w in E p . By g n — )■ 1, we 
obtain t>„ — >■ w. 

Now we claim that u> G R. i( - P \ Otherwise, since w is perpendicular 
to any element of T, p (Gp), w must be perpendicular to M. i( - P \ Choose 
a point x in the direction w. Set s := d(p,x), e n := d(p,p n ) and 
<5„ := d(p n ,q n ). Note that 

d(x,p„) =a/s 2 + e2 + o(e n ), 

d(a?, 5n) =a/s 2 + e2 + 52 + (e n ), 

where limo(e„)/e n = 0, which implies 

Z(v n , (x)' pn ) > Zxp n q n > tt/2 - 0(e n ), 

where limO(e n ) = 0. Since Z(w,x' p ) = 0, this contradicts the conver- 
gence v n — >■ w. 
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It turns out that K p (Gp) is contained in the hyperplane of 
perpendicular to w, which is also a contradiction to the definition of 
£(p). 

(2) is obvious. □ 

In view of K p = x K' p , we consider 

L p := exp p (K' p n B(o p , e)) 

for a sufficiently small e > 0, where exp p : K' p nB(o p , e) — > X is defined 
by using quasigeodesics (see [39]). Note that L p is G p -invariant. Let 
G x Gp L p denote the orbit space of G x L p by the diagonal G p -action 
defined as h(g,x) = (gh" 1 , hx). Remark that G x Gp L p has a natural 
G- action and is an L p -bundle over G/G p ~ Gp. 
We assume the following: 

Assumption 18.3. For each p e X, L p gives a s/zce at p. Namely 
U p := GL p provides a G-invariant tubular neighborhood of Gp which 
is G- isomorphic to G x Gp L p . 

In the Riemannian case, Assumption 118.31 is satisfied (cf. [3]). The 
author believes that Assumption 118.31 is satisfied in the present general 
case, but he does not know the proof yet. Note that Assumption 118.31 
is automatically satisfied if G is discrete. 

Let M n be another complete Alexandrov space with curvature > — 1, 
and let G also act on M n as isometries. Let d e ,Gii((M, G), (X, G)) de- 
note the equivariant Gromov-Hausdorff distance between the G-spaces 
(cf. [20] for the definition). 

The following theorem is an equivariant- version of Theorem 11.21 See 
Section [T] for the notations below. 

Theorem 18.4 (Equivariant Fibration-Capping Theorem) . Let X and 
G be as above satisfying Assumption \18.3[ We also assume that X/G 
is compact. Given k and p, > there exist positive numbers 5 = 5k, 
ex,a{[j) an d v = vx,g{v) satisfying the following : Let Y C Rf(X) 
be a G-invariant closed domain such that 5o-str.rad(y) > Let M 
be an n-dimensional complete Alexandrov space with curvature > —1 
and with M = Rg n (M). Suppose d e GH ((M,G), (X,G)) < e for some 
e ^ £x,g(aO- Then there exists a G-invariant closed domain N C M 
and a G-invariant decomposition 

N = Nut U iV cap 

of N into two closed domains glued along their boudaries and a G- 
equivariant Lipschitz map f : N — >• Y v such that 

(1) N int is the closure of / _1 (int Y v ), and A cap = f- l (doY u ); 

(2) the restrictions f\ Nint : A int -)■ Y and f\ Nciip : iV ca p -> dY are 

(a) locally trivial fibre bundles; 

(b) t(S, u, e/ v) -Lipschitz submersions. 
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In the proof of Theorem 118.41 below, we generalize the argument in 
[17]. Although the basic procedures are similar in several steps, we give 
the proof for readers' convenience. 

The following result is of fundamental significance to describe the 
basic local properties of a neighborhood of a strained point. 

Lemma 18.5 Q6J). There exists a positive number 5^ satisfying the 
following: Let (a^, &j) be an (k, 5) -strainer in D(X) at p G X with 
length > /i and with 5 < 5k- Then the map f : X — >• M. k defined by 

f(x) = (rf(ai,x), . . .,d(a k ,x)) 

provides a r(S, o~)-almost isometry of the metric ball B(p, a; X) onto an 
open subset ofM k or where a <C 

From now on we assume 

(18.1) <5o-str.rad(X) > Mo 

for a fixed /io > and a small 5 > 0. 

The purpose of the rest of this paper is devoted to prove Theorem 
118.41 in the case of 

Y = Rf(X) = X. 

The general case is similar, and hence the proof will be omitted. 

By definition, we may assume that for every p G X there exists an 
admissible (k, <5)-strainer (a,, 6j) of length > u /2 at all points in B p (a). 

Lemma 18.6. Under the situation above, 

(1) for every q,r, s G B(p,a) with 1/100 < d(q,r)/d(q,s) < 1, we 
have \Zrqs — Zrqs\ < r(S, a); 

(2) for every q G X with er/10 < d(p, q) < o and for every x G X 
with dip, x) a, we have 

\Zxpq — Zxpq\ < r(8,a,d(p,x)\/a); 

(3) ifd(p,dX) > 2a, then for every q G B p (a) and for every £ G E 9; 
there exist points r, s such that d(q, r) > a , d(q, s) > a and 

A^ r ' q ) < r (^ a )' Zrqs > n - t(5,ct); 

(4) ifd(p, dX) < 2a, then for every q G B p (a) and for every £ G S g 
with Z(£, (afc)g) < n/2, there exist points r G X and s G D(X) 
such that d(q,r) > a, d(q, s) > a and 

A^ r ' q ) < r (^ a )' Zrqs > n - r(5,a). 

Proof. (1) follows from Lemma 118.51 (2) follows from Lemma 5.6 in 
[B]. For the proof of (3) and (4), see [17J. □ 

We consider X u := {x G X | d(x, dX) > i/}. 

By contradiction argument, one can prove the following two lemmas. 
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Lemma 18.7. There exist positive numbers 5 <C 1/k and v <C a <C \i§ 
such that for every p £ dX u and x £ dX v with a/10 < d{p,x) < a, 
there exists y £ dX u with a/10 < d(p,y) < a such that Zxpy > 
Ti — t(6, a, v). 

Lemma 18.8. There exist positive numbers 8 -C 1/k and v <C a <C fiQ 
such that for every p £ dX u and x £ dX u with d(p, x) < a, there exists 
y £ dX u with a/10 < d(p, y) < a such that Z(x' p , y' p ) < r(S, a, v). 

19. Embedding X into L 2 (X) 

Let L 2 (X) denote the Hilbert space consisting of all L 2 functions on 
X with respect to the Hausdorff fc-measure, where G acts on L 2 (X) 
by g ■ <f>(x) = (p(g~ l x) for any <fi £ L 2 (X). In this section we study the 
map fx '■ X — > L 2 (X) defined by 

fx(p)(x) = h(d(p,x)) } 

where h : R — > [0, 1] is a smooth non-increasing function such that 

(1) h = 1 on (— oo, 0], h = on [a, oo); 

(2) h! = 1/a on [2a/10, 8a/10}; 

(3) -a 2 < h! < on (0,a/10]; 

(4) \h"\ < 100/ a 2 . 

Remark that fx is a G-equi variant Lipschitz map. 

From now on, we use ci, c 2 , . . . to express positive constants depend- 
ing only on the dimension k. First we remark that by Lemma 118.51 
there exist constants C\ and c 2 such that for every p £ X, 

where 1-L k and b^a) denote the Hausdorff /c-measure and the volume 
of a cr-ball in R fc respectively. 

We next consider the directional derivatives of fx- For £ £ E p , 
putting 

(19.2) df x (0(x) = -ti(d( Pl x))cosZ(^x p ), (x £ X), 

we have 

df X (0 = lim ^ (eXP ^-^ (p) in L 2 (X). 

From now on we use the following norm of L 2 (X) with normalization: 

a 2 
b k Ja) 



l/l =1373 / l/WIW 



x 
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Lemma 19.1. There exist positive numbers C3 and C4 such that 

c 3 < I dfx (01 < C 4 
for every p G X and (eE p . 

Proof. Use Lemma USB (3), (4). □ 

Lemma 19.2. There exist positive numbers C5 and Cq such that for 
every p,q G X with d(p, q) < cr, 

r \fx(p) ~ fx(q)\ „ 
c 5 < w r < c 6 . 

d(p, g) 

In particular fx is infective. 

The proof is straightforward, and hence omitted. 

Let K p = K(Tj p ) be the tangent cone at p. We make an identification 
S p = S p x {1} c K p . The map dfx '■ S p — > L 2 (X) naturally extends to 
dfx '■ K p — > L 2 (X). Next we show that dfx(K p ) can be approximated 
by a k- dimensional subspace of L 2 (X). 

Lemma 19.3. For any p G X, let (cij,&j) be an admissible (k,S)- 
strainer at p. Taking ^ in (ai)' p , we have for any £ G S p; 

n 

i=i 

where Ci = cos Z(£j,0- particular, df x (£,i), ■ ■ ■ ,dfx(£,k) are linearly 
independent in L 2 (X). 

Proof. Let (ft : S p (Z)(X)) — > S* -1 ^) be the r(5)-almost isometry de- 
fined by 

0(0 = (cos Z(&,0)/|(cosZ(&,0)|. 
(See [5]). It is easy to verify 

k 

cos Z(£, 77) - Ci cos Z(&, 17) 



8=1 



< 7-05), 



for every 77 G S p , from which the lemma follows. □ 

Thus if p G intX (resp. if p G <9X), then dfx(K p ) can be approxi- 
mated by the fc-dimensional subspace U p generated by {dfx(£,i)}i<i<k 
(resp. by a fc-dimensional half-space of n p ). In view of Lemma [19.31 
one may say that dfx is almost linear. 
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20. G-INVARIANT TUBULAR NEIGHBORHOOD 

In this section, we construct a C7-invariant tubular neighborhood of 
fx{X v ) in L 2 (X) in a generalized sense, where 

Let Gk{L 2 (X)) be the infinite-dimensional Grassmann manifold con- 
sisting of all k- dimensional subspaces of L 2 (X). 

For any p £ X, let K p = R e ^ x K' be as in Lemma 118.21 and let 
Up = GL p be as in Assumption 118.31 

Lemma 20.1. There exists a G p -invariant k- dimensional subspace U p 
ofL 2 (X) such that Z{U p ,df x (K p )) < t(S). 

Proof. Let IT be a k — dimensional subspace of L 2 (X) which is 
r(5)-close to dfx(K'). Then G P U' is a G p -invariant compact subset 
of L 2 (X). Since G P U' can be considered as a G p -invariant subset of 
Gk-i{p)(L 2 (X)) whose diameter is small, we can find a Gp-fixed point, 
say IT, near IT by using the center of mass technique on Gk-e( P )(L 2 (X)). 
It suffices to put lip := II © df x (K p (Gp)). □ 

Now fix p and take L p so small that G q C G p for all q £ L p . For any 
q £ L p and x £ Gq, we put U q := U p , U x := g(H p ), where x = gq. Note 
that {U x } xe u p provides a G-invariant field of fc-dimensional subspaces 
of L 2 (X) which are r(5)-almost tangent to fx{X). 

Lemma 20.2. If L p is sufficiently small, then Z(Il x ,Tly) < Cd(x,y) 
for all x, y £ U p , where C = Cjj v - 

Proof. Since G acts on Gk(L 2 (X)) isometrically, the map tc : G/G p — > 
Gk{L 2 (X)) defined by ir(\g)) '■= g(Jl p ) is Lipschitz with respect to a G- 
invariant metric on G/G p . This implies that Z(Jl p ,U gp ) < Cid([e], [g]) 
for some constant C\. Since it is straightforward to see that d([e], [g]) < 
C2d(p, gp) for some constant C2, it follows that Z(Il p , U gp ) < Cd(p, gp). 
If x £ Gq, q £ L p and y £ Gx, this argument shows that Z(I1 X , H y ) < 
C'd(x, y) for sufficiently small L p . Next consider the general case when 
x = gxo, xo £ goL p and y £ goL p for some g and go in G. We may 
assume that both x and y are close to Xq. Then the conclusion follows 
from the above argument and the fact that Zxx^y is close to 7r/2. □ 

Lemma 20.3. For any p,q £ int X or for any p,q £ dX , 

d L H(dfx{^p),dfx{^ q )) < r(5,o-,d(p,q)/a), 

where dj£ denotes the Hausdorff distance in L 2 (X). 

Proof. First suppose that p,q £ intX. Let (ai,bi) be an admissible 
(n, #)-stainer in D(X) at p. For every £ £ S 9 take a point r £ D(X) 
satisfying c?(g, r) > a and Z(£, < r(8, a). Taking ^ in r' p , we have 

|Z(e,<)-Z(ei,4)|<r(«y,<T,d(p,g)/«7), 

for all x with er/10 < d{p,x) < a. It follows that \dfx(£) — dfx(£i)\ < 
t(5, a,d(p,q)/a). 
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If p, q G dX, take the above r from X in place of D(X). Then the 
conclusion follows from a similar argument. □ 




which yields (1201]) . □ 



Let o"i <C er and let us use the simpler notation t$ to denote a positive 
function of type r(S, a, o\jo). 

Let it : X — > X/G be the orbit projection, and for p G 7r(dX) let 
p G <9X be a point over p. For a G-slice L p at p with diam(L p ) < <7i, 
let Up = GL p be the G-invariant neighborhood of Gp as in Assumption 
118. 3[ and Up := n(U p ). We take a finite open covering {£/^}i=i,2,... of 
X/G as above. 

Lemma 20.5. Suppose that X/G is compact. Then there exists a G- 
equivariant Lipschitz map T : X — Gk{L 2 (X)) such that 



(2) Z(T(x),T(y)) < Cd(x,y), where C = Cg,x is a constant 
depending only on the G -action on X . 

Proof. Let {pi} be a partition of unity consisting of Lipschitz functions 
associated with {?7p i }i=i,2,..., and set p« := pi o n. 

We use the center of mass technique on Gk{L 2 (X)). For each x G X , 
consider the weighted distance functions 



on Gk(L 2 (X)) with weights Pi(x), where I x := {i\x G U Pi }. Since 
Pi(x) = except finitely many i, all H PuX in the righthand side actually 
lies in some finite dimensional Euclidean space E. Since Gk(E) is 
totally geodesic in Gk{L 2 (X)), <p x has a unique minimum point, say 
T(x), on Gk{E). It is straightforward to see that T : X — > Gk{L 2 (X)) 
is G-equivariant. A convexity argument also shows that T is Lipschitz. 



Let Gl(L 2 (X)) be the Grassmann manifold consisting of all sub- 
spaces of codimension k in L 2 (X), and N : X — > G* k (L 2 (X)) the dual 
of T, N(x) = T{x)- L 1 where T{x)- L denotes the orthogonal comple- 
ment of T(x). The angle Z(iV(x), N{y)) is defined as Z(N(x), N(y)) = 



(1) Z(T(x),U Pi ) <r s ifxeUj 




□ 



Z(T(x),T(y)). 
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Lemma 120.51 immediately implies 



Lemma 20.6. Suppose that X/G is compact. Then the map N : X — > 

G* k (L 2 (X)) is G-equivariant and Lipschitz with Lipschitz constant C = 
Cg,x- 

Now we consider the set dX v . For each x G dX u , Let V x denote the 
set of directions at x consisting of all minimal segments from x to dX. 
Since diam(V^) < r(5,a), a center of mass technique on S(L 2 (X)) : = 
{v G L 2 (X) | |u| = 1} similar to Lemma [20.51 yields 

Lemma 20.7. Suppose that X/G is compact. Then there exists a G- 
equivariant Lipschitz map n : dX u — > S(L 2 (X)) such that 

(1) Z(n(x),df x (V x )) <t 5 ; 

(2) Z(n(x),n(y)) < Cd(x,y), where C = Cg,x is a constant de- 
pending only on the G-action on X . 

For x G dX u , let us denote by H{x) the subspace of codimension 
k — l generated by N(x) and n(x), and by H{x) the half space of H(x) 
containing n(x) and bounded by N(x). 

We consider the "normal bundle" W of fx(X u ) as W := {(x,v) G 
X u x L 2 (X) | v G W(x)}, where 

= \h (x) x e ax„ 

\N(x) x G wtX v . 

Note that W is G-invariant. For c > 0, we put 



W(c) = {(x,v) EW\\v\< c}. 

Lemma 20.8. There exists a positive number k = C such that W(/t) 
provides a G-invariant tubular neighborhood of fx{X v ). Namely 

(1) f x (Pi) +vi¥ : fx{P2) + v 2 for every (p t , v x ) ^ (p 2 , v 2 ) G W(«); 

(2) the set U(k) = {x + v\(x,v) G W(k)} is open in L 2 (X). 

Proof. Suppose that X\ + v± = x 2 + v 2 for Xi = fx(Pi) and Vi G W{pi). 
We first assume d(px,p 2 ) < o\. 

Case 1. Pi,p 2 G intX v . 

Put K = {x 1 + Nfa)} n {x 2 + N(p 2 )}, and let y G K and z G 
x 2 + N{p 2 ) be such that \x\ — y\ — d(xi,K),\x\ — y\ = \y — z\ and 
that Zxiyz = Z(zi - y, N(p 2 )) < Z(JV(p x ), N(p 2 )). Then Lemma I2TQ1 
implies that Zxiyz < t$. It follows from the choice of z that \Z(x± — 
z, N(p 2 )) — n/2\ < Tg. On the other hand the fact Z(x 2 —xi, T(pi)) < t$ 
(Lemma l20.4l) also implies that \Z(x 2 — x±, N(p 2 ))— n/2\ < t$. It follows 
that \x 2 — z\ < t$\xi — x 2 \. Putting £ = \y — x\\ = \y — z\ and using 
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Lemma [20.51 we then have 

\x\ — z\ < EZxiyz 

<£Z(T( Pl ),T(p 2 )) 
< lG\x\ — x 2 \. 

Thus we obtain i > (1 — ts)/C as required. 
Case 2. Pi,P2 G dX u . 

Apply the above argument to H(pi) instead of N( P i). 
Case 3. p\ G dX v and p 2 G intX u . 

Apply the above argument to H(pi) and N(p 2 ) instead of N(pi). 
Let K = {xi + H(pi)} n {x 2 + N(p 2 )}. If K meet x x + AT(px), we can 
apply the argument of Case 1 to N(pi). If K does not meet N(pi), it 
is an affine subspace parallel to N(pi), and let K be the affine space 
generated by K and line segment from x\ to K. Then we can apply 
the argument of Case 1 to K and N(p 2 ). Thus we obtain (1). 

Next we shall prove (2), which follows from the argument above: We 
assume Case 1. The other cases are similar, and hence omitted. 

For any y G U(k) with y G fx(Po) + N(p ), x := fx(Po) e f x {X v ) 
and for any z G £ 2 (AT) close to y, let T be the n-plane through z 
and parallel to T(x ), and t/ the intersection point of T and N(x ). If 
x G fx(X u ) is near xo, then A^(x) meets T at a unique point, say a(x). 
With the above argument, we can observe that a is a homeomorphism 
of a neighborhood of xq in fx(dX u ) onto a neighborhood of yo m ^o- 
Hence z G U(k) as required. 

Finally we shall finish the proof of (1). Suppose that q := fxipo) + 
— fxipi) + ^i f° r some pj and Vi with d(p ,pi) > 01, < C. 
For a curve p s joining p to p 1; put u(s,i) := (1 - t)f x (p s ) + 
We assert that there exists a continuous map V : [0, 1] x [0, 1] — > W 
such that Expw(V(s,t)) = v(s,t), yielding Expw(V(s,l)) = qo for 
any s G /, a contradiction to the previous argument. To prove this 
assertion, consider the set / C [0, 1] such that for t G / there exists 
a lift V : [0, 1] x [0,t] ->• W of t» as above. Actually G I and the 
previous argument shows that / is open. We define a metric of W by 
d((xi, v i), (x 2 , v 2 )) := (d(xi,x 2 ) 2 + \v\ — v 2 \ 2 ) 1 ! 2 . Then the proof of 
Lemma I2U.9I implies that 

d((xi, vt), (x 2 , v 2 )) < Cd(x x + vx, x 2 + v 2 ), 

from which the closedness of / follows. □ 

Next let us study the properties of the projection n : W(/c) — > 
f x (X u ) along W. By definition, n(x) — y if x G 

Lemma 20.9. T/ie map 7T : W(k) — >■ fx{X u ) is Lipschitz continuous. 
More precisely, ifx,y G W(«) are c/ose to eaca oiaer ana" t = \x— ir(x) \ , 
then 
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(1) \ir(x) - ir(y)\/\x - y\ < 1 + t 5 + Ct; 

(2) if the angle between y — x and the fibre W(ti(x)) is equal to n/2, 
then 

\{y-x) - (ix{y) -tt(x))| < (t s + Ct)\x - y\. 

Proof. First we prove (2). 

Case 1. 7r(x) G fx(intX u ). 

Let N be the affine space of codimension k parallel to N^x) and 
through y. Let yi and y2 be the intersections of and N with T n r x ) 
respectively. Let z be the point in K = NnN(7i(y)) such that \y 2 — z\ = 
d(y2, K), and y^ e N(7i(y)) the point such that 1 2/2 — z\ — \y-s — z\ and 
^-Dizy?, = ^(2/2 — z iN{Tz{y))) < Z.{N, N(ir(y))). An argument similar 
to that in Lemma 120.81 yields that 

\yi ~ 2/3 1 < r 5 \yi - y 2 \, 

\V2 ~ V*\/\z -y 2 \< AN(rr(x)), N(ir(y))) < C\tt(x) - n(y)\. 

It follows that 1 2/1 — 2/2 1 < Ct\ir(x) — vr(y)|. Furthermore the assumption 
implies |(vr(x) — y 2 ) — (x — y)\ < t§\x — y\. Therefore we get 

\(ir(x)-yi) -(x-y)\ 

< |(tt(x) - yi) - (ir(x) - y 2 )\ + |(tt(x) - y 2 ) - (x - y)\ 

< 1 2/i - 2/2 1 + r s \x - y\ 

< Ct\ir(x) - ir(y)\ + r s \x - y\. 

On the other hand, since Zyin(x)7r(y) < t$, 

\(tc(x) - n(y)) - (tt(x) - yi)\ < t s \tt(x) - n{y)\. 
Combining the two inequalities, we obtain that 

|(tt(x) - n(y)) - (x - y)\ < (r + Ct)\n(x) - n(y)\ + t s \x - y\, 
from which (2) follows. 

Case 2. The 7r-image of a small neighborhood of x is contained in 
fx(dX v ). 

Apply the above argument to the affine subspaces H(n(x)) and 
H(n(y)) in place of N(tt(x)) and N(ir(y)). 

Case 3. The other case. 

This case can be reduced to the Case 1. 

For (1), we assume Case 1. The other case is similar. Take yo G 
N(ir(y)) such that \x — 2/0 1 = d(x, N(ir(y))). Then (2) implies 
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|tt(x) - n(y)\ < |tt(x) - n(y)\ 



\x-y\ F-2/ol 
< 1 + r 5 + Ct. 

□ 

21. Almost Lipschitz submersion 
In this section, we shall prove Theorem 118.41 

Let M be as in Theorem HO We assume d G . GH ((M,G), (X,G)) < 
e and e < a 1} u. Let <p : X ->■ M and ^ : M -> X be 2e-G- 
approximations such that d(i/)ip(x), x) < e, d(ipif)(x),x) < e, where 
we can take such a ip to be measurable and G-equivariant. Then the 
map f M : M -» L 2 (X) defined by 

/m(p)(z) = h{d(p, (p(x))), (x G X) 

is G-equivariant. Since Jm(M) C W(t(z/ + e)), the map 

/ = fx ° ^ o / M : M -> X, 

is well defined, and Lemma [20.81 shows that it is G-equivariant. It also 
follows from Lemma l20.9l that / is a Lipschitz map. 
As before, c(/m(0 L 2 (X), £ G S p , is given by 

(21.1) df M (0(x) = -ti(d{p,ip{x)))cosA{i,ip{x)' p ). 

Lemma 21.1. For every p,q G M and £ G q' p , 
\fM{q) ~ /a/(p) 



< t(5, a, e/u,d(p,q)/a) 



d(q,p) 

Proof. For every x with a/10 < d(tp(p),x) < o~, take y G X such that 
Zxip(p)y > 7r — r(5, cr), z//10 < d(ip(p),y) < v. Since Zip(x)pip(y) > 
7i — t(5, a, e/u), it follows from an argument similar to Lemma f20. 41 that 

\d(q, <p(x)) - d(p, (p(x)) + d(q, p) cos Z(f , <p(x)' p ) | 

< d(q,p)r(5, ff,e/u,d(p,q)/<r), 

which implies the required inequality. □ 

We put 

Mi n t := the closure of {p G M \ f(p) G int X u }, 
M cap :— {p e. M\ f(p) G dX u }. 

Lemma 21.2. Every p G M int (resp. p G M cap ) satisfies d(f(p),ip(p)) < 
r(e) (resp. d(f(p),ip(p)) < r(y)). 

Proof. Every p G M int (resp. p G M cap )satisfies d(f M {p),fx{X„)) < 
r(e) (resp. d(fM(p),fx(X 1/ )) < r(u)), from which the lemma follows 
immediately. □ 
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Lemma 21.3 (Comparison Lemma). Let X{ G M and X{ G X , 1 < % < 

3, be given. 

(1) If x x , x 2 G Mint, u/10 < d(xi,x 2 ) < v, cr/10 < d(x 2 ,x 3 ) < a 
and d(f(xi), x/j < r(e), 1 < i < 3, t/jen 

|Ziq/z — Z^^l < r(<5, a, e/ z/); 

(2) Ifx x ,x 2 G M cap; a/10 < <i(xi,a;2),(i(x2,X3) < a, andd(f{xi),Xi) < 

1 < « < 3, rTien 

\Zxyz — Zxyz\ < t(5, a, u /cr). 

Proof. We prove (1). The proof of (2) is similar and hence omitted. 
From the assumption, we can take a point w G X such that 

(21.2) 2xix 2 w > 7r - t(5, a) 

and d{x 2 ,w) > u/10. Put w = <f(w). Then 

Zx\x 2 x 3 > Zx\x 2 x 3 — t(5, a, ej u), 

Zwx 2 x 3 > Zwx 2 x 3 r(5,o-,e/u). 

Since (121. 2p implies 

\Zx\X 2 w — 7r| < t(<5, cr, e/ z/), 
we have the required inequality. □ 

We now fix p G M, and put 

Hf" := {£ G S p | £ G x' p , d(p, x) > u/10}, (if p G M int ), 
#p Cap := {£ G S p | £ G <^(x);,x G «9X„cr/10 < d(/(p),a;) < a}, 

(if pG M cap ). 

which can be regarded as the sets of "horizontal directions" at p. 
For p := f(p) G X u , we also put 

Hf := {£ G Hp- 1 £ G x' p , d{p, x) > u/10}, (if p G dX u ), 
H™ p : = {£ G Ep | £ e 4, cr/10 < d(p, x) < a}, (if p G dX v ). 

For any £ G take cj G X with £ = q' p and d(p, cj) > u/10. Put 

£ := (tp(q))'p G i?p nt , and consider the map Xmt '■ Hp^ — > H p nt defined 
by Xint(C) = £• F° r an y £ e -^p aP ; take g G <9X with £ = q' p and 
cr/10 < d(p, q) < a/10. Put £ := {f{q))' G -ffp ap , and consider the map 
Xcap : # P - aP # p cap defined by Xcap (£) = £■ 

Lemma 21.4. For sufficiently small t > 0, the following holds: 

(1) For every £ G -ffp- nt , pirf £ := Xiot{0- Then 

d(/(exp ££),exp *0 < tT(8,(T,(Ti/a,e/v)] 

(2) For every £ G -£^ ap ; put £ := x cap (£)- F/jen 

d(f(exp t£), exp ££) < £t(<5, cr, cri/cr, z//cr, e/ z/). 
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Conversely for every £ G if™* (resp. £ G H p &v ), there exists £ G -f/^ nt 
(resp. £ G f/| ap ) satisfying the above inequality (1) (resp. (2)). 

In other words, the curve /(expi£) is almost tangent to expt£. 

Proof. We prove (1). The proof of (2) is similar and hence omitted. 
By using ffT^2|) . fl2TT|) and Lemma I2T31 we get \df M {0 - df x (0\ < 
t(S, o~,e/v). Lemmas 120.41 and 121.11 then imply 

fM(c(t))-f M (p) fx(m)-fx(p) 



f , <r(5,a,e/u) 

for sufficiently small t > 0. In particular /m(c(£)) — /m(p) is almost 
perpendicular to N^f M ^y It follows from 120.91 that 

fu (c(t) ) - /m (?) 7T O f M ( C (t ) ) - 7T o / M (p) 



< r(S, a, oi/o-,e/v) 



and hence | vr o /m(c(£)) — fx(c(t)) < tT(5,a,ai/a,e/u). Lemma [19.21 
then implies the required inequality. □ 

From now on we use the simpler notation Ts, u ,e to denote a positive 
function of type r(6, a, o~i/o~, u/a, e/ z/). 

We show that both f\M int and /|M cap are r^^^-Lipschitz submersions. 
The following fact follows from Lemma 121.41 



(21.3) 



d(/(expt£),p) 



< t s . 



for all £ G H p nt U H™ p and sufficiently small t > 0. 
Lemma 21.5. For every p,q G M int (resp. p, g G M cap ) ; we /iawe 
d(f( P )J(q)) 



— cos 



d(p, g) 

w/iere = Z(q' p , H p at ) (resp. 9 = Z(q' p , H™*)) 



,ei 



For the proof of Lemma 121.51 we need two sublemmas. 

Lemma 121.31 and the second half of Lemma 121.41 imply the following 

Sublemma 21.6. Xmt {resp. Xcap) gives a r (5, a, e/ V)- approximation 
(resp. t(5, a, v /a)- approximation) . 

In particular, d GH (H p nt , 5 ,fc_1 (l)) < T S „ e and d GH (H™P, S k - 2 (1)) < 

Let H p denote either H' p nt or if£ ap . 

Sublemma 21.7. For any £ G pwi := Z(£,H p ) and let ^ G if p 

satisfy 9 = Z(£,£i). T/ien 

d(/(expt£),/(exptcos0£i)) < tr^, 
/or even/ sufficiently small t > 0. 
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Proof. Since £ p has curvature > 1, we have an expanding map p : 
£ p -> S^l),^ = dimM). First we show that \d{p{v t ), p(v 2 )) - 
<^( v i, v 2) | < r <5,y,e f° r every t>i,t>2 G i/ p . Let v\ G i? p be such that 
Z(vi,vl) > 7r — rs ut . Since p is expanding, we obtain that 
(21.4) 

\Z(v 1 ,V 2 )-d(p(v 1 ), p(v 2 ))\ < T 5 , v ,e, \/.{vl,V2)-d{p(v{), p{v 2 ))\ < Ts, u ,e- 

Now we assume H p = H p nt . The case H p = H^ v is similar and hence 
omitted. The above argument also implies that p{H p ) is r^^-Gromov- 
Hausdorff close to a totally geodesic (k — l)-sphere S' /c ~ 1 (l) in S' n_1 (l). 
Let C : H p — > 5 (1) C S' n_1 (l) be a r^^e- approximation such that 
d(((v), p(v)) < Ts tUi€ for all v G For a given £ G £ p , an argument 
similar to (121 .4j) implies that |Z(£,t>) — d(p(£), ((v))\ < r for all v G 
if p . Remark that for any y with a/10 < d(p,y) < cr, an elementary 
geometry yields 

coad(p(£),((y' p )) = coad(p(£),rj) cosc%, ((y' p )), 

where r\ is an element of S* _1 (l) such that Z(p(£), r\) = Z(p(£), S ,fc_1 (l)). 
It follows that for sufficiently small t > 

|/ M (expt£) - / M (exptcos0£i)| 2 /t 2 

o- 2 f ( h(d(exp t£, y?(z))) - h(rf(p, y(s))) 
" Ka) J x V t 

h(d(exptcos9£i, (p(x))) — h(d(p, <p(x))) 
t 

< J x (h'(d(p, ^(x)))) 2 (cos Z(£, 

cos6»cosZ(£ 1 ,v9(x) p )) 2 (i/i(a;) + 

< J x (ti) 2 (cosZ(Z, v (x)' p ) -cosZ(p(t),p(cp(x) p )) 

+ cos Z(p(0, »?) cos Z(rp p((p(x)' p ))- 
cos Z(£, £i) cos Z(£i, <p(a;) P )) 2 + T S „ t 

Therefore by Lemmas 120.91 and 119.21 we conclude the proof of the sub- 
lemma. □ 

Proof of Lemma Y21.b\ Suppose p, q G M int . Since f- mi is a r(e)-approximation, 
we may assume that d(p, q) < u 2 <C v. Let c : [0, £] — > M be a minimal 
geodesic joining p to q where £ = cf(p, q). By using Lemma I18.6[ one 
can show that 

\Zqc(t)x - Zqpx\ < T SjV>e , 
for every t < I and for every x G M with zy/10 < d(p,x) < v. Let 
& := c/ (t) , and r) G # p nt be such that Z(£ ,#$)) = Z(£ ,?7o)- Take 
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a point y such that r] = y' p , u/10 < \py\ < v. ([21]) implies that 
\Ay' c{ ty& ~ Z (&,#$))l < T StV>e . Put 9 t = Zqc(t)y. It follows from 
Sublemma I2T77I and (ED that 

(21.5) d(f o c (t + s), f(exps cos 9 T] t )) < r s ^ e s, 

where r\ t := y' c r t y Put c(t) — f o c(t), and take any fj t in ^(y)^. Then 
by Lemma 121.41 

(21.6) ^/(expscos^o^Xexpscos^t) < r^, e s. 

By Lemma [18.6^ we see that for every z G X with z//10 < c?(p, z) < z^, 

(21.7) |Z^(2/)c(t)^ - Z^(2/)^l < r S}V , e . 

Now let (aj, hi) be a (fc, 5)-strainer at p with c?(p, <2j) = v and A : 
Bp(i> 2 ) — >■ M fc be the bi-Lipschitz map defined by 

A(x) = (d(ai, x), . . . , c?(afc, x)). 

Put u(t) = A o c(t). Combining fl21~5]) . (gUSD and fl2T7j) . we get 

|«(s) ~u{t)\ < T8,u,e, \\u(s)\ -COs6» | < Ts, v ,e- 

for almost all s,t G [0, £]. Thus we arrive at 
|tt(«)-(A(/(g))-A(/(p)))| 

< / \u(s)-u(t)\dt<T S)V ,e£ } 

Jo 

from which the conclusion follows. 

Next suppose p,q G M cap . We may assume d(p, q) < cr 2 <C a, since 
/cap is a r(z/)-approximation, 

By using Lemma \18.7\ we have 

\Zqc(t)ip(x) - Aqpip(x)\ < T S ^ >e , 

for every t < £ and for every x G dX v with a/10 < d(p,x) < a. Let 
it := g^j, and r? G # p cap be such that Z(£ ,# p cap ) = Z{£ ,r)o). Take 
a point y G (9X^ such that T)q = <p(y) p , a/10 < d(p,y) < a. By an 
argument similar to the previous one using a (k, 5)-strainer (a*, 6j) of 
-DpO at p with d(p, a$) = a, we obtain the required estimate. □ 

Lemma 21.8. Let p G M and x G X v be given. 

(1) Ifp G Mj ntj ^ en there exists a point q G M int stzc/i t/iat /(g) = x 
and d(f(p), /(g)) > (1 - r s ^ e )d(p, g). 

(2) If p E awd ^ G SXy, then there exists a point q G M cap 
suc/i i/iai /(g) = x and d(f(p), /(g)) > (1 - r s ^ e )d(p, q) 

Namely / nt and / cap are (1 — r^J-open in the sense of [BGP]. 

In view of Lemma 118. 8[ the proof of the lemma above is similar to 
[UJ and hence omitted. 

We are in a position to complete the proof of Theorem 118.41 So far 
we do not need the assumption that Ss n (M) is empty. Now we use 
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this assumption to prove that both f int and f cap are locally trivial fibre 
bundle maps. 

For any p G M int , set F := f^{p), and take an (n, 5)-strainer (dj, 6j) 
at p such that (di)' , (hi)' G i^ nt for all 1 < % < k. Note that {ai)' p and 
(hi)' are almost tangent to F for + 1 < i < n. This implies that the 
map $ = (/, d ah , . . . , d an ) is a bi-Lipschitz homeomorphism of a small 
neighborhood of p onto an open subset of X x R n_fc . It follows that /j nt 
is a topological submersion and hence is a locally trivial bundle map 
by [S]- The proof for / cap is similar and hence omitted. 

Proof of Corollary \1.4\ Since / cap : iV ca p — >■ cfoX, is a locally trivial fi- 
bre bundle, the conclusion (1) follows from the generalized Margulis 
lemma of [20]. Note that / cap is also an almost Lipschitz submersion. 
Therefore by the parametrized versions of Theorem 0.5 in [33] and The- 
orem [US] in the present paper, we can get the conclusions (2) and (3) 
respectively. Note that in the present case, we can prove the rescaling 
theorem corresponding to Theorem 14.11 by using the (generalized) ar- 
gument of Lemma 14.81 The actual proofs of (2) and (3) are done by 
contradiction, and the details are omitted. □ 
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